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Augpeii HuxosmaeBnu Koiamoropos —
BeJUKHUM yueHbi Poccuu. MupoByroo usBe-
CTHOCTh €My IIpWHEeCJU BblAaoliuecs pabo-
THI, OTHOCAINWECH NPAKTUYECKU KO BCEM
06acTAM MAaTEMATHUKU — TEOPUU BepPOAT-
HOCTell M MaTeMaTU4YeCKOH CTATUCTHUKE, TO-
HOJOTMY U (PYHKIMOHAJIBLHOMY aHAJIMN3y, Ma-
TeMaTUUYeCKOM JIOTMKe, Teopuu UHPoOpMa-
ouu U T. J.

T'ennii Konmoroposa He orpaHUYeH Ma-
TeMaTUKOM MU YIAWBUTEJLHO YHUBepCcaleH.
Benen 3a Heioronom, Jlammacom u Ilyanka-
pe OH COBEPIIMJI IIPOPBHIB B OCMBICIEHWUH
npo6aembl BeuHOCTH COJIHEYHOM CHCTEMBI.
VIM co3gaHa TeOpHUs IIPOIECCOB, IIO3BOJIAIO-
masa BoccoeAuHuTh upen Pypre, HrioToHa,
OHUHINTEHHA, OTKPBLIT HOBBI B3aKOH IIPHU-
poasl B obnactu TypbysneHTHocTH. A ele
6pIIM  OJecTAIe HOBATOPCKMe paboTsl
B KubOepHeTHKe, OMOJOTUM, OKEaHOJOTHH,
reoJIOTHH, METEOPOJIOTHH, KpucTraamorpaduu, UCTOPUM, ASBIKOZHAHUU, CTHUXO-
Begerun. B rogel Benukoit OreuecrBenHoit BoiiHbI A. H. KoamMoropos mpussan
aKTHBHOE ydyacTHe B PelleHNU OOOPOHHBIX IIpobJieM.

Bceio cBoro xusHEb A. H. KoIMOropoB mocBATUI HayKe M TPYAY YUUTEN.
OH ocHOBAaTeJb H3BECTHEHIINX HAYUHBIX IIIKOJ, HAYYHBIH DYKOBOAUTENb MHO-
rux TanaHTauBHIX yueHbIX. C 1930 r. xo mocnenuero gua »xkusHu A. H. Kommo-
ropoB — mpodeccop MOCKOBCKOro YHHBEPCHUTETa, CO3TaTe]b HOBBIX Kadenap
u naboparopuii, spkuit sexkrop. C 30-X IT. OH IPpUHMMAET CaMOe aKTHUBHOE y4Ya-
CTHe B TIPOBEJEHMM MATeMaTHYeCKMX ONMMIMAJ AJs IIKOJbHMKOB. B 1963 r.
cosgaeT (PUIMKO-MaTeMaTHUYECKYI0 IIKOJIy-uHTepHaT npu MIV, B Koropyiwo
1 TIOHBIHE OTOMPAIOTCA TAJaHTJIMWBbIe pe6saTa co BCell cTpaHbl. B aToi mKoIe OH
MHOTHE TOABI YMTAeT 3aMeuaTe/bHble JeKIUN [JJId IIKOJbHHUKOB, XOJUT C HUMU
B IIOXOZIBI, IIPOBOJUT MY3bIKaJbHBIE U JUTepaTypHble Bedepa. B 1970 r. smecre
¢ akagemuxoMm B. K. Kuxoumswsim cosgaer sxkypHan «Ksanr». A. H. Kommoro-
POB — aBTOD MHOTHMX CTaTe# M KHUT II0 MaTeMaTHKe JJId YYeHUKOB U yIuTeaed
(yuebHHUK anrebpbl M HaYas aHAJW3a — OJHA M3 ITUX KHMT).

Bacayru Aunpes HukonaeBuua yyxe IIPU KU3HU OBLIN OlleHEHBLI OUYEHb BBI-
coxo. CaM OH CIOKOMHO OTHOCHJICS W K HeOOBIUaWHOH ciaBe, U K )PopMaM IpHU-
3HaHuA. A ux OBLIO MHOTO: akajgeMuk B 35 uer, jaypear JIeHMHCKON u rocy-
IapCTBEHHBIX IPeMUil, JaypeaT NPECTHIKHEHINHX MeXJYHAPOAHBIX IpeMui,
[IOYETHBIH 4YJIeH JeCATKOB MEXIYHADPOAHBIX aKageMuil M HAyYHBIX OOIIECTB.
B umciie MHOTMX IPaBUTeNIbCTBEHHBIX Harpan 3oisoras sBesga epoa Comuamu-
cruyeckoro Tpyza u ceMb opreHoB JleHumHa.

A. H. KoJMOTOpoB MPOSABJAJN IIy0OYaWIIUil MHTEpec KO BCEMY CYyIIeMy.
On 106U MY3BbIKY U JIATEPATypy, XOLWJI B MHOIOJHEBHBbIE IIEIIHe, JOAOYHLIE,
JIBIKHBIE ITOXOMbI, B KaueCcTBe HAyYHOr0 PYKOBOAMTEJNS OKEAHOJOTHYECKON dKC-
IeJUIINH COBEPIIWJ KPYrocBeTHoe myTelnecTBue. Ha ckiloOHe JieT OH OQHAX[IbI
sametu1: «Kakyio Bce-TaKM MHTEPECHYIO JKWBHb s IPOXKMUI!»

CBoe xusHenHoe kpeno A. H. Kosmoropo TouHee Bcex c(HopmMyaupo-
Bas caMm: «§I "KMJI, BCerJa PYKOBOJACTBYSCh TE€M TE3UCOM, YTO MCTHHA — Ojaro,
4TO HaIl JOJT — €€ HaXOJUTh U OTCTAWBATh HE3aBUCUMO OT TOI'0, IPUATHA OHA
KOMY-TO WA HEIPHUATHA».

A. H. Koaxmoropos
(25.1V.1903—20.X.1987)
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NNPEAUCJIOBHE

Bs1 Haunnaete uayuars HOBRIHA nmpegmer. CioBo «anredpa»
B €ro HA3BAHMH BaM YK€ H3BECTHO.

IIpuEnUNIUanbHEO HOBadA YacTh Kypca NHOCBANleHa N3YYEHUIO Ha-
yaj aHaxusa. MaTeMaTudecku#l aHain3 (MJIM DPOCTO aHAJIM3) — BETBB
MareMaTHKH, odopmuBmaaca B XVIII croaetum m BRaoualomas
B ceba gBe OCHOBHBIe uacTH: AutdepeHnUaibHOe U HHTEIPANbHOE HC-
YHCAeHUA. AHAJMHU3 CHIIDAJ TPOMAJHYIO POJEH B Pa3BUTUH €CTECTBO3HA-
HUS — MOSABUJICA MOUTHBIHM, ROCTATOYHO YHHBEPCAJbHBIM METO/] UCCJIe-
JoBaHWA GYHKIOWH, BOSHUKAIOIUX [IPU PEUIEHHHN Pa3Ho0GpA3HBIX IPHU-
KJAAHBIX 3a7a4. SHAKOMCTBO C HAYAJbHBIMH [NOHATHAMHM M METOHAMM
aHaym3a (IpousBojHaA, AuddbepeHuupoBanue, neproodpasHaf, WHTE-
rpajl, METOA IOMCKa MaKCHMYMOB M MHHHAMYMOB QYHKIINI) — oxHA U3
BaJKHBIX HOejeil Kypca.

Heckonpko 3aMeuaHM# O TOM, KaK IOJAb30BATHCA YUYEOHHKOM.
OrsaBjieHMe M NpeAMeTHHI# yKasaTesb, IOMENIeHHLIe B KOHIIE KHUIH,
TIOMOI'YT BaM OBICTDPO HAMUTH HYXXHBIM pasfiel, onpejielieHNe UJIHN Teope-
My. OTBeTH M yKasaHUWS K YIPaKHEHHAM LOPHBEJEHHl B COOTBETCT-
BylOImeM paszfaeje. J[JiA 3HAKOMCTBA C OCHOBHBIMHU UMY DpeIeHUS
OpPeAJIaraeMbIX 33784 NPHUBOIUTCI MHOMKECTBO NPHMEPOB PelleHud,
BuijieneHnEx sHaukamu lfl ¥ . OTMeTHM Takike, UTO 3aJa4H, BKJIIO-
YeHHBIe B KAKABIA IIYHKT, AedsTCA HA IBe YacTH. 3aladd, BXOAALIHE
B IEePBYIO 94CTh, HEOOXOAHUMO YMETH PEeIllaTh AJA MOJNYUYEeHHs YIOOBJIET-
BOPDHTENLHON OIEHKH, OHH 3aAal0T 006A3aTeNbHLIX YpOBEHL HOATOTOB-
ku. OcTanbHBIe 3afaYM UYThL CIOXKHEe.

Uro6pl moMOYL BAM TP MOATOTOBKE K KOHTPOJLHOW paboTte,
B KOHIIe Ka’3KAOH INIaBH MIPHUBEACHEI BONPOCHI M 3aAa4YM Ha IOBTOPEHHE
ocHOBHOro marepuana. OTBeTBl HA BOIPOCH M HPHMEPHI PEINEHUI Ta-
KX 3aga4d MOMHO HAWUTH B TEKCTe COOTBETCTBYIOIIAX IIYHKTOB.

(0] INPOHCXOXICHHUHN N3ydaeMbIX HOHHTKﬁ, TEPMHHOB 1 CHMBOJIOB,
0 JIIOASIX, CO3LABABIINX MAaTEeMATHYECKHI aHAJIW3, Bbl MOKETE V3HATh,
IpOYUTAB pasfenbl «CBefleHUA M3 HUCTOPHUH».

JomosHUTEAbHBIA MaTEPHAN TEOPETHYECKOTrO XapaKTepa copep-
KHTCA B HEXKOTOPHIX NYHKTaX y4YeOHMKA, OH BRIJIEJEH 3IHAYKAMU
H .

Ilo oxoHYaHNE IOKOJEI BaM IIPEACTOHT CAABATH BHIIYCKHBIE DK-
sameHBl. KaK HM3BeCTHO, TeopeTHUECKHH MaTepHaJ 3a KypC cpeAHeil
OIKOJBI KPaTKO H3JIoKeH B KHuUre «Maremaruka. CopaBoYHBIE MaTe-
puaxei». [IpakTHueckne ynpaKHeHUA JJIA NOBTOPEHNA Kypca HOMeEILe-
HH B IiIaBe «3aJauyu Ha MOBTOPeHWe». 3aJadydl NOBBIMIEHHOH TpPYAHO-
CTH COJIEDIKHT 3aKJIOYNTeJIbHad IJaBa.

3 Hpe;ucaorne



[a; 8]
(a; b)
(a; b), [a; b)

(a; o), {a; o0),

(~00; ), (~o0; b]

{~o00; o0)

a
(@-8;a+d)
[x]

{x}

Ed

O6Go3nauenus,
BCTpeYaAIONHeCH
B y4e0HOM mocoouu

— MHOKECTBO BCEX f(x)
HATYDANBHEIX
ymces DM
— MHOMKECTBO BCeX
measlX YHcen E
. — MHOMKECTBO BCEX A
.  HeOTDHIATEeNLHEIX Ax

OeaAslX 4ucen
MHOYKECTBO BCeX

PATBOHAIBHBIX
qEcea

— MHOMKECTBO BCEX ' (xp)
AefcTBHTEILEBIX )
gMCcen, TUCAOBAA sin
npaMas cos

— saMKHYTHE npo- tg
MeRYTOR (OTpe- ctg
80K) ¢ KOHOAMHY :
anb,a<b €

— OTKpHTHIA ITpOMe-
KYTOK (METEpBaJ)
C KOHIIAME G ¥ b,
a<b log,

~— TOAYOTKPHITHIE
TPOMENRYTKHA g
¢ XoBmamu a u b,
a<b In

— BecKOHEYHbIE
NPOMEXKYTKH

— GecKOHEUAKIN max f
NPOMERYTOK, [a; b]
YHCIOBAH NPAMAK

— 0603HAUCHHE BEK- min f
TOopa [a; b]

— $-OKPECTHOCTL »
TOUKH G

— Henas 4acTh jf(x)dx -
qHCcia X [}

— Apobras wacTh arcsin a
yuena x( . ArCCos @

— Moayas (abcoxor-
HAs BeJHYHHA) grctg a
gHCcaa X arccig a

Af (xg), Af—

— 3HAYeHMe QyHKOUM f

B TOYKe X

ofaacTe oupefeaeHRAR

byarugau f

ofnacTe 3HaYeHMi

byaxmun f

OpPHDALIeHHe apry-

MeHTa X

npEpaigesse GpyHK-

e | B TOYKe X,

npouagoxHas PyHK-

ouu f 3 TOUKE X,

$yRrOuR cHEYC

dbyaxnua xocuryc
byHKOAR TaHTeHC
dbyaxknus xoradrenc

YHUCAOQ ¢, OCHOBAHHE

noxasarexbHoll GyHK-

IuU, IN8 KOTOpOiHk

() = e*

— norapadmM ¢ ocHOBA-
HHEM g

— AEeCATHHHBINR Jora-
pudm

-— HAaTypaAbHHH Jjora-
pudM (rorapudm
C OCHOBAHHWEM &)

— #awnbosbmee 3EAYEHME
byexnuu [ Ha oTpes-
xe [a; b]

— HaHMMeHbIIee 3HAYe-

ane dyRxnuy [
Ha orpeaxe [a; b]

ugTerpan Gyuxnuu f
B mpeAenax or a xo b
— APKCHHYC 4HCJAa a4

— APKKOCHHYC 4HCNia g
— APKTAHTEeHC YWHCHA G
— APKKOTAHTeHC UMC]a G



TpuroHomMerpuueckKue
hyHKRUIUHN

PR 15“» - | |

§ 1.
TpurosoMerpudeckmne GpyHKIIUN
YMCJIOBOTO apryMeHTa

1. CVHYC, KOCUHYC, TAHIEHC U KOTAHreHC
(noBTOpeHnune)

1. Papmansaa mepa. Bel yike 3HakoMBl ¢ pagmaHHOH
Mepoii yraoB. Yrox B 1 paduan — 2TO TaKoH IeHTpaNbHLIH yroj, AJaH-
Ha JYTH KOTOPOro paBHA pajguycy OKpyskHocTH (puc. 1). Paguannan
N rpajlycHad Mephl CBA3aHH! 3aBUCHMOCTHIO 180° = 1 paguan; yroxa B n°

paBeH llsnﬁ pasuas.

IIpu pagmanHOM M3MepeHHM YIJOB ynpolnaercsa pazg dopmy..

Tak, A1 OKPYSKHOCTH pajuyca r NJIHHA | ee Ayra B o paguaH HAaXo-
gurca no dopmyne

. l=ar; 1)

naomaas S ceKTopa Kpyra pagmyca r, Ayra KOTOPOTO COZEPIKHT oL pa-

ANaH, TaxKoBa:
2

g =08r" 2
: (2)
Popmyarnr (1) m (2) mpome aHANOrAUHBIX Gopmya l=%

2
1 S=""" ;15 BEMHCIEHAA AIHHB LYTH OKPYKHOCTH H ILTOLIALH

360

CeKTOpPa, OYIM KOTOPHIX (BeIMYHHOH n°) 3aflaHHM B IPaJgyCcHOH Mepe.
Hanvuve y paguaHHOH# Mephl pAja IperMyinecTB (CM. Takxe m. 17)
OPHBEJO K TOMY, YTO B TPUTOHOMETPHH IDPEAIOYHMTAIOT IOJb30BATHCH
pagumaHHOH, a He rpajgycHON Mepoii.

W3 kKypca anare6pel Bhl 3HaeTe, KakK oIpe-
JeJseTcsi IOBOPOT HA YroJl B O paguaH, ThAe
o — pAefiCTBATENBHOE UYHCJIO0. 3HAKOMEl BaM

¥ ONpefeleHHs CHUHYCA, KOCHHYCa, TaHTEHCA 1 pen) R
¥ KoTaHrenca o (o0 — yrola WY YUCIO),

. Ilpumep 1. Haiiniem 3HaueHHMA CHHYyCA,

KOCHHYCa, TaHreHca M KOTaHIreHCa yrIJa %.

Puc. 1

5 Tpuronomerpuueckne dynxunn
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B C a B
Puc. 2 Puc. 3

B mpamoyrosnpHOM TpeyrosibHHKe ¢ yriaoMm B 30° mpoTuBoJiexa-

Ui eMy KaTeT paBeH IIOJOBMHE THHOTeHY3H ¢ (puc. 2). IIycte ¢ =1,
TOT/IA:

a:E:l, b=+c? -a? =£_
2 2 2
Iloaromy
n_a_1 .n_b_+3 T _b T _a 1
r_a_~ T_0_Y2 4gX_9_/3 ctglf=92-_1,
cosP=%=j sinf=C="F tgf=_ =3 clgg=7 73

Boobfiie 3HaueHMs OCHOBHHIX TPHUMOHOMETPHYECKUX (QYHKIMI
OCTPOro yrjia o. MOryT OLITH HalfIeHsl Tak, KaK 3TO LEJAJoCh B Kypce
reomerpun (puc. 3):

cosa =g, sina =%, tga =%, ctg o =£.

ITpubanskeHHBIe 3HAYEHUA CHHYCA, KOCHHYCA, TAHreHCA M KO-
TaHreHCa IIPOU3BOJBHOIO yIVIa HAXOAATCA C HOMOIIBI0 KaJbKYJdATOpa
mwrn tabaun. (34ecs U Aajee UMEIOTCA B BHAY «YeTEIpex3HauHEIE Ma-
Temarndeckde tabanusi» B. M. Bpaguca.)

3azaua HaXO0MKIACHHUsS 3HAYECHMHM CHHyCA, KOCHHYyCAa, TaHIeHca
B KOTAHIeHCA IIPOM3BOJBHOIO YIVIA HyTeM IIPHMEHEHHs HM3BECTHBIX
BaM (opMYyJ CBOIMTCA K HaXOXKIEHHWI0 3HaYeHHH sin a, cos o, tg o,

ctg a, rae 0<a<g. Tak, Hanpumep, mMoxkeT ORITH 3anoJIHEHA Tab.Ium-
na (ecm. c. 5).

2. OcHoBHBIe ¢opmyast Tpuronomerpun. M3 onpegeneHuit
CHHyCa, KOCHHyCa, TAHI€HCA M KOTAHTeHCA CPa3y CJIEAYIOT OCHOGHbLLE
mpuzoHomempuiecKue moxcdecmsa.

sin? a + cos?2 o = 1;

—Ssina, _cosa,
tgOt_cosa’ clga sing
tgactga=1;
tg2o+1=—"1; ctg2a+1= 1 .

cos2 a sin? a

6 Tpuronomerpuueckue dynkunn



0 L3 n n s 2r | 3z | 57
a 6 4 3 2 3 4 6 R
. 1 J2 | V38 V3 V2 1
sin o 0 2 —2— T 1 —2— 7 2 0
J3 | V2 1 _1 J2 | J8
coso | 1 5 > 3 0 2 |~ 2 | 5| -1
1 — 1
tga | 0 | F| 1 | VB3| — |8 -1 |75 0
= 1 _.1 J3
ctga | — 3 1 J3 0 /3 -1 -J3 —
n 57 4n 3n 5m Tn 1ir
o 6 4 3 2 3 1 6 2n
, _1] w2 | Y8 I3 W2 | 1|
Sin o 2 2 ? —1 2 2 2
BB | |1 B
COS O P 9 2 2 2 D)
1 1
tea | 3 1 3 | — | V3| 1 S0
1 1
ctg a V3 1 73 0 J3 -1 —/3 —

OcHOBO# JJs1 BHIBOJA OCTANBLHEBEIX (DOPMYJX ABISAIOTCA (POPMYbL
CONEHUS:

cos (o — B) = cos a cos P + sin o sin f3;
cos (o + B) = cos o cos 5 — sin o sin B;
sin (o - B) = sin a cos 3 — cos a sin 3;

sin (a + B) = sin a cos B + cos a sin B;

tg o+t tga—t
(@ p =L e eop =T

7 Tpuronomerpuueckue GyHRIHA



yA A Y

+ + - + K +
0 x
- - —- + + -

3naxu curnyca 3narxu xocunyca 3raxu manzenca
u Komanzenca

)
Ry
[~)
Ry

Puc. 4

Ws dopmyn croxenmnsa, nonaaras fB =%, rae n € Z, norydaeMm

dopmyne. npusedenusn Ansi npeobpasoBaHUs BLIPAYKEHWI BUJA
sin (lgi + a), cos (12"— + a), tg (n_zn + a), ctg (’—Tzﬂ + a), nelZ.

Ona s3anoMumRasud aTuxXx PopMya YAOOGHO HONMB3OBATHCA TAKHM
MHEMOHUYECKUM NPABUIOM:

a) mepel NpHUBEJeHHOH (QYHKIMe#d CTABHTCA TOT 3HAK,
KOTOPHIL HMeeT Hucxoauad Gyskumus (puc. 4), ecan
O<a< g;

6) GOYHKUuA MEHAETCA Ha «KOQYHKIIMIO», €CJIX It HeUeT-
HO; QYHKIHA He MeHsercd, ecau n derHo. (KodyHK-
OUAMH CHHYCA, KOCHHYCA, TAHTEHCA M KOTAQHTEHCA Ha-
3HIBAIOTCA COOTBETCTBEHHO KOCHHYC, CHHYC, KOTAHT'€HC

U TAHTEHC.)

Hanpumep:
sin(ﬁ—a)=cosoc; cos (E—aj=sina;
2 2
tg(§+a]=—ctga; cos (%~a)=—sina A T. M.

BaM M3BecTHH TaKMKe (QOPMYAb. CYMMbL U PA3HOCMU CUHYCO8
(xocunycos):

sin o + sin B = 2 sin a;B cos uz_ﬂ;

sin a —sinf} = 2 sin B cosa+B;
2 2

cosa+cosﬁ=2cosa;B cosaz_B;
a-p a+p

cosa —cosP =- 2 sin -—— sin .
B 2 2

8 TpuronomMerpunueckue pyarnun



Hs ¢opmyn cuomernns, monarasg o =[5, BREIBOAATCA Gopmyivl
060iiH020 apeymenma:
sin 2a = 2 sin a cos a;
cos 20 = cos? o — sin? o;
cos200=1-2sin2a; cos20=2cos?a-1;
2tga

tg 200 =———,
g 1-tg2

Ioncrasnaa B Qopmyan cos 2t=1-2sin?t u cos 2t =
= 2 cos? ¢t — 1 3Hauenne t = %, nonydaeM Qopmyavi nOLOBUHHOZO Gpzy-

Mmenma.

1-cosa
inz2 &_--_"". 3
sin 3 g (3)

1+cosa

2 o

cos“ - =——— — 4
5 3 1)

. Ilpumep 2. Halinem sHaueHme sin % 6es momomy TabaHL

no dopmyae (3):

l1-cos X 1—ﬁ J3
sin? X = 6. 2 _2-V3
12 2 2 4
. . 2-
Tak xak O < % < %, sin % >0, moaydaem sin {‘E = ——2£ Orser
MOKHO YIDOCTHTb:
J2-V3  J4-2V8 J(/B-12 J3-1_ 6-42
2 2.2 242 242 [
Pasnenne mouneHEHO paseHcTBO (3) Ha (4), moayvaem:
tg2 g_l—cosot (5)

2 l1+cosa

YMHOKAA YHCINTESL U 3HAMeHaTenh npanoﬁ YacTH paBeHCTBAa

sin%
tg % = Ha 2 cos %, HaXOZNUM:
cos &
2
sin®  2sin% cos & .
tg & = 2 _ 2 2 _ sina. o
2 cos% 2cos2 & 1+cosa
tg = sina 6
g2 l+cosa 6)

9 Tpuronomerpuueckue GyuriHn



AH&JIOI‘H"-IHO, YMHOXXAA YUCJIUTENs U 3HAMEHATE/Ib npaBoﬁ JacTHu

o

sin =
paBeHcTBa tg 2 = 2 pa 2sin %, HpuxXoguM K dopmye
s —_
cos
1-cosa
tg & =" 7
g 2 sin o @

. Hpumep 3. Hadizem sHaueHue tg 58_n 6es3 moMou TAGMHIL

—cos 9T V2
tg? 57 = ey =1+ 2 _y2+1_(J2+417 = (/2 +1)2
8 1+c0s5—n _[2_ J2-1 2-1 ’
4

2

3aMeTHM, UYTO —g— <5—8"~ <n. Hosromy tg §8£ <0, u, cJaeroBaTeNbHO,

tg?g—“ =-(vV2 +1).

IIpumep 4. Haiizem sin %, cos Y u tg %, €c/AH H3BECTHO,

[\-J]=]

yro cos a=0,8 u 0 <« <g.

Vron % HaXOZUTCA B IEPBOM 4YeTBEPTH, M, 3HAYMT, sin% >0,

cos —(2" >0, tg% > 0. IToaTomy

sin % = /1’20’8 - /0,1 ~0,3162;

cos & = |1+ 98 _ 579 ~0,9487;
2 2
1-0,8 1
tg ¢ = == ~0,3333.
g 2 1+0,8 3
YnpaxHeHua

B ka)XaoM IIVHKTE YIIpa’kKHEeHUA pasfejieHbl Ha ABe YacTH. 3a-
JauH, IPHBOAMMBIE B IMEPBOH YaCTH, XaPaKTEePHU3YIOT 0013aTeNbHBIM
YPOBeHb IIOATOTOBKHM II0 HaHHOH TeMe: moZoOHBIEe yIpa’kHeHUA HeobXo-
JIUMO YMETh peliaTh JAJA TOJYYEHUSA VAOBJICTBOPUTEILHOI OIEHKH.
B 6GospmmHCTBE ciy4daeB CO cmoco0aMu pelleHHA 3THX 3aJad MOXHO
03HAKOMHTBHCH, PACCMOTPEB IPHMEPHI, paso6paHHbLIE B TEKCTE COOTBET-
CTBYIOIIEr0 MyHKTA.

1.— BruipasuTe B pagumaHHOH Mepe BeJHYHHEBI YIJIOB:
a) 45°, 36°, 180°; 6) 120°, 310°, 360°;
B) 60°, 72° 270°; r) 150°, 216°, 90°.

10 TpuronoverpHueckue QyHrigmn



Brlpasure B rpapycuoif Mepe BeTHUUHE! yITIOB!

a) &, & B8, 2z 3n _m,
3’ 27 36’ 57 4 9
n o 3n o 5z 3n _Tn
B)G’ g r)4, 5 ~13°
3.— HajiguTe YuCIOBOEC 3HAUCHUE BLIPAMKEHMS:
a) sin0+cos§+sin2%; 6) 3sin%+2cosn+ctg2%;
B) 6sint-2cos0+tg2 L, r) 3tg Z—sin2 X +cos? I,
5 ®) 6 €3 ) tg y —sin® g +cos” g

.~ CylIeCTBYIOT JM 4MCIA O, B ¥ Y, JJIA KOTODBIX:

a) sina =-0,5, cos P=+3, tgy=-2,5;

. V5
0) smaz?, cos B=-2,2, tg y=0,31;
B) sina=1,3, cos B = —‘/1—0-, tg v = 5,2

B sina="g’ cos B =42,5, tgy=-7,5?

Mor‘y’r JIM CHHYC ¥ KOCHUHYC OOHOT'O M TOT'O Ke Yucja OEITH paB-

i HBIMH COOTBETCTBEHHO:

1oy 2. .
a) 25n25, 6) 0,4 u 0,7;
V6 V5 2 1
B) - m—-; r) < wm —7?
T RN

MOFyT JU TAHTEHC ¥ KOTAHMeHC OJHOT'0O M TOTO JKe 4Yucja ObITh
PaBHBIMHM COOTBETCTBEHHO:

a) _g " _%; 6) (vV3-2) u (V3 +2);
B) 24 1 -2 r) \/—gﬂzﬂ?
12 2 5

Haiigure 3HaYeHUA APYrHUX TpeX OCHOBHBIX TPUTOHOMETpHUYE-
cKuX (YHKIMR, ecian:

a) sina=-0,8, t<ax< 32’5—;

) cosa=—@, T ca<nm;
4 2
, V2 a 15 3=
B) sina=~", O<a <’} r) cosa =, 22 <a<2nm.
) 3 2 ) 17 2
YnpoctuTe BHIpajKeHHe:
9 4 4 1-2cos? B
a) cos® a — cos? a + sin? a; ——
cosf + sinf}
. .9 sin®t -1 9
B) (sin? o + tg? a sin? a) ctg o; r) S ——— +tg?t.
cos* t

11 Tpuronomerpuueckue (PYHKLLHRA



9.— Brpruncanre:

4n 4r p.3 27t 51t
cos - cos S& — gin 2T gin -~ tg=—-+¢
a) 15 “*® 15 15 °"15 ) €3 %1 ,
c0s 0,37 sin0,2x + sin0,3n c0s0,2n’ 2n . 57’
1+ tg=~tg=—

3 12

3rr 51 bn

S n2% cos X —gin & cos 2&

2) i zo_ - sin g €08 g~ sin g cos g
1- tgﬁtggg mn?—gsm%—cosi—g—cos%

Briqucante sin 20, cos 2@, sin (o -§) m cos (o + ), ecan:

4 5
a) sina=2, cosp=—>, T<a<n Z<B<m
) sina =g, cosP=-g3, g <a<m y<P<m
| 6) cos o= 0,6, simﬁ=—ﬁ 32”<a<2n, t<p<3r i,
YiupocTuTe BhIpaKeHHe:
2sina cosP - sin(a-p), 6) l1-cosa + cos2o
cos (a—PB)—2sina sinP’ sin2a - sina

«/_2—cosa —2cos(§+a)
2sin(%+ a)—\/ﬁsina

; r) ctg? o (1 - cos 2a) + cos? o

B)

IIpeofpasyiiTe naHHOE BEBEIPAKEHHE TAKHUM 00pasoM, YUTOOGBI
apryMeHT COOTBETCTBYIOHIEH TPUIOHOMETPHYECKOH (DYHKIHN

IPHHALIEHKA] IPOMEKYTKY O;g

a) sin—'%"—, cos( 53"), tg 0,6n, ctg (-1,2n);

6) tg—, sm(—%‘), cos 1,8n, ctg 0,97,

Haiignre unciioBoe 3HAYEHHME BLIPAXKEHWS:
s 27 47 n
a) 8 sin & cos £ tg ZT ctg LT
) 8sin X cos 2% tg 2% ctg I

6) 10 ctg %E sin 3% cos 7—473

4
s 2 -t
B) ——sln——(n——)——cos(27r—t).
1+sin(i’3+t)
2
Bepno am paBeHCTBO:
s TR JE 11n n.
a) sin i3 sin 12 3 ) cos —~ 24 ~cos = 3 sin — 94’
1irn 77 27
B - — =08 =—;
) sin 18 + sin 18 co! 9
r) cos 5—8’3+cos =2 cos

12 Tpuronomerpnueckne pyarumn



15.—

Haitaute sin & 5> €08 ; tg & ecan:

12 31t 3

: . n
& oa) coso=—"2, m<a<; 6) sina=2, Z<a<m;
5 ) 13a 9 ) 5) ’

16.

17.

18.—

19.—

20.—

2
%, 32”<a<21t, r) smo.——18—7,1t<a<%.
C noMOmBI0 KaJNBKYJAATOPA NJAM Tabinin HalguTe 3HAYEHUS
sin a, cos o, tg o, ctg o, ecau:

a) a=0,19; 6) =1,87; B) a=0,9; r) a=1,2.

C moMoInbi0 KaJbKYJATOpA HJAN TabauI HaBguTe:

a) pagumaHHLIe Mepbl yryioB 17°; 43°24'; 83°36'; 72°12';

6) rpagycusle mepnt yraos 0,384; 0,48; 1,11; 1,48.

B) cosa =

BrlunciuTe IMMHY LYTH, €ClU H3BECTHEHL €€ DaJUaHHAd Mepa o
u paauyc R copepxaieit ee orcpyxcnoc'm'

a) =2, R=1cm; G)Q—T R =6 cm;
B) a=0,1u R=1 w3 r)azg—g,R=10M.

BriuncnuTe momaik CEKTOpa, €CIUM M3BECTHHI paguyc R xpy-
ra U paguagsHad Mepa O LEeHTPaJbHOro yrija CeKTopa:

2) a=0,1, R=1m; —53“,R=3M.

a) Haiizare pagmaHHy0 Mepy IEeHTPANBHOI'O YIJIA CEKTOopa,
ecIu JJIMHA COOTBETCTBYIONIeH AYrM paBHA XHAMETPY Kpyra.

6) JamHA AyrY CeKTOpa BTPOE MEHbIe ero mepuMeTpa.
HaiiguTe pagadayl0 Mepy €ro IeHTPaNLHOI'o yria.

Haiiziure sEauenusa puipakesuii (21-—22).

a) 3sin(2a—i—)+2cos(3a-n), ecan az%;

6 sinz( )+3t (5” i’l), ecmn o = 2%,
) 3 g 2 3’
: ) 4cos[3a—3)+ctg(a+—“—), ecmu o =Z;
6 12 6
T 2 (s T
r)cos |a+— |t 200+ = |, ecim o =~-—_.
) ( 3) g ( 2) 6
a) l+tga , ecnu coso =12, 3T Lo c2m
1+ctg 13> 2
6) w, ecan tga_—_é;
sina —-cos o 4
cosa+ ctga 1 3n
B) —————, ecIx coBaL=—+—, T<Q <22
) ctg o ’ <« 3 2’

r) sin? a ~ cos? B, ecau cos? o — sin? B = 0,5.

13 TpuronoMerpuueckne QyHKIHN



23.— JoxramxuTe, ytTo mpu 0 < a <g CIpaBefJUBO PABEHCTBO:

a) sina+/1+ tg2a = ——1——;
cosaq/l+tg %

6) \/1+cosa _\/l—cosa _2ctga

1-cosa l+cosa
\ll—sln2 a

Jorakure roxpgecrtsa (24—26).

o _ x tga+tgh tga-—tgh _
24.— a) Sln(z"'“) 005(4 a) 6) tg(oc+[3)+tg(a—3) -

25.— a) (sin?t + 2 sin ¢ cos ¢t — cos? t)% = 1 — sin 4¢;
cosau—2sin3a—cosba

) ——— —————"" =tg 8a;

sinba-2cos3a~sina

1-4 sin?¢ cos?¢
—— —— =cos 2t;
cos?t —sin?t

B)

r) _A_,____——-ztg2a.

1-tg? ; 2tgg
. a) cost————— 6) sinB=—-——25_
1+ tg® 2 1+tg2[3

§§ BrruucapTe (Ge3 moMouiu TaGiMIl H KAJIbKYJAATODA):

: : P 14 s T 2n
= a sm~—cos— 6) | sin — —sin -'- |: cos ==;
) 12 ) ( 18 18) 9
11n
2 €08 — — — COS
B) (sm E _cos?l ) ; r) — _1_2______12__
8 8 sin 5%
12

2. TpuroHomeTpuyeckne QyHKLUM
n nx rpadukn

1. dysxnun cuHyc M KocuHyc. OKPY:KHOCTE pagmyca 1
¢ UEHTPOM B Hadajie KOOPAUHAT HASBIBAIOT eJUHUYLHOU 0KPYICHOCMBIO,
Iyerp Touxa P, eIWHWIHOH OKPYXHOCTH NOJIydeHA NpPH IOBOPOTE
Touku P, (1; 0) Ha yron B o paguan. HeTpyaHO IOHATH, YTO OPAMHATA
Touku P, — aTo cuHyc yraa a, a abcmmucca STOH TOYKH — KOCHHYC
yriaa a (puc. 5).

14 TpuronoMeTpuueckue pyHrumnn



sina

Puc. 5 Puc. 6

Il Ipuwmep Haiizem smauenua cuHyca, KOCHHyCa, TaHIeHca
U KOTaHTeHCA YIJa %T“ paguaH.

KoopauEAaTel TOYKH P;,._,r (puc. 6) meTpyZAHO HAMNTH, BOCIOJB30-
4
BABIINChH CBOMCTBOM pPABHOGEIDEHHOIO IIPAMOYIOJBLHOTO TPEYyroyib-

V2 N2 s 3n V2 3n V2
" : —- =, - T —_= — =——,
HHAKa X y 03TOMY sin cos

3n 3n
tg 2= =1, ctg 2= =-1.
£ 8 7

Hanee Mpl cuMTaeM, UTO BCe YIVIBI H3MeDeHB B PajHaHHON Me-
pe, W mo3TOMy o0Oo3HadeHHe pad, KaK NpPaBu/io, omyckaercda. [loro-
BOPHBIINChL CYMTATh €AWHHWIY u3Mepenusa yrioB (1 paguan) duxcu-
poBaHHOHM, ompezeifaeM, HAIPUMED, CUHYC HUCAA X KAaK CHHyC yrja
B X pajuaH; KOCUHYC YUCAG X KaK KOCHHYC yIyia B X DajMaH M T.[.

Onpenenedune. Yncinosble (QYyHKUHH, 3aTaHHEIE
topmMynamMu y = sin x H y = cos X, Ha3LIBAKOT COOTBET-
CTBEHHO CUHYCcOM M Kocunycom (um obozmHaualor sin
u cos).

O6aacTk onpelejeHNA 3TUX QYHKIMHA — MHOMKECTBO BceX AelcT-
BHUTEJNBHBEIX uMcea. O6nacThio 3HauveHH#t QYHKOUE CHHYC M KOCHHYC
ABNAETCA OTPe30K [-1; 1], MOCKONBKY M OPAMHATEI, U A0CIHCCHI TOUECK
eIMHUYHOM OKPYKHOCTH NIPUHHMAIOT Bce 3HaueHud oT —1 go 1. Byaem
o6osHauars o6GyacTb onpepenenunss pyaxuun f uepes D (f), a obiacrs
saauenuil uepes E (f). Torga

D (sin) = D (cos) = R; E (sin) = E (cos) = [-1; 1].

HanmoMHHM clefyloliye H3BeCTHBIE BaM CBOMCTBA QYHKIHUHA CH-
HYC M KOCHHYC:

Jns no6Goro x cCIpaBeZJUBHI PABEHCTBA:

1) sin (-x) = -sin x, cos (—x) = cos x;

2) sin (x + 2rn) = sin x, cos (x + 271n) = cos x
(n — UpOM3BOJBHOE LEJ0e UUCIO).

15 TpuroHomeTpuueckne PyHKUMHU
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2. Cumycompa. ITocrpouMm rpadbuk pyHKIHMHM CHHYC Ha OTpe3Ke
[0; 2n]. dara sToro ormernMm Ha ocm opaumart Toukm (0; -1) u (0; 1),
a Ha ocu alcumcce TouKy ¢ abeumccoii 2n (oGpaTuTe BHEMaHKe: AJHHA
orpeska [0; 2n] npubau:xenHo paBua 6,28). Pasgenum orpesok [0; 2n]
A eAMHUYHYI OKPY:XHOCTh Ha 16 paBHEIX udacTeir (puc. 7). Has mo-
cTpoeHuA TOUKH rpaduka ¢ abcruccoil oo BOCIOJL3YyEeMCH OINpeJeIeHH-
eM CHHyca: OTMETHM TouUKy P, Ha eAMHMYHON OKDYKHOCTH M IIpOBeJeM
uepes P, nNpsamMylo, napajienbHyio ocu aGemuce (puc. 7). Touka mepe-
ceuyeHNd dTOM OpAMOIl M OPAMOM X = 0L UCKOMAadA, TaK KaK ee OpAUHATA
COBII&ZAET ¢ OPAHHATOR Toukm P, a I0 ompefelieHHIO sin o paBeH Op-
Aunarte P .

Ha pucynke 7 moxkasaHo mocrpoenue 16 rouex rpaduxa. Coenn-
HASA UX IJIABHOW KPUBOH, moaydaeM 3CKN3 rpadmKka CHHYCa Ha OTPe3Ke
[0; 2n]. daa mocTpoeHNa rpaddMKa CHHYCA BHE 9TOr'O OTPE3Ka 3aMeTHM,
9ro sin (x + 2nn) = sin x (n — npou3BoJBHOE Hesoe uucio). Iloaromy
BO BCeX TOYKaX BHAA X, + 2nn, rxe 0 < x, < 2r, 3HAYEHHA CHHYCA COB-
nazaroT, ¥, CJAeJ0BaTEILHO, rpaduK cuHyCca Ha BCeil MpAMOi mojyyaer-
€Sl U3 TOCTPOEHHOro rpaduKa ¢ IIOMOUILI0 HAPAJJIEIBHBIX IIEPEHOCOB
ero Brons ocu Ox (BupaBso u BaeBo) HA 2n, 47, 6% u 1. 4. (puc. 8). I'pa-
duk cuHyca HaspBaeTcA cuHycoudoli. Orpesork [-1; 1] ocm opaumnar,
C IOMOIIBLI0O KOTOPOTO MBI HAXOAHWJH 3HAUYEHHA CHHYCA, MHOI[LA HA3kI-
BAXOT JUHUEN CUHYCO8,

Jns mocrpoermsa rpadMKa KOCHHYCa HAIIOMHHM, 4TO COS X =

= sin(x+—2’5 . CaegoBsarenpHo, sHaueHHe KOCHHYCA B IIPOM3BOJILHOMI

TOYKE X, PABHO 3HAYEHHMIO CHHyCa B TOYKEe X, + % 970 o3HAYAeT, YTO
rpadMK KOCHHYCA TOJYyYaeTcd M3 rpadHKa CHHYCa ¢ MOMOIILIO Hapas-

y

_r 1 3n
/\ 2 2 /\
T TR N T N TR >
2 2 2

Puc. 8
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JISJIPHOI'O IIepeHoca Ha paccTOoAHHne % B OTPHLATEJBHOM HalipaBJ/e-

HuEu ocu Ox. Iloatromy rpadumk GyHKDUEH y = cos X (puc. 9) Taxxke
SIBJIAETCA CHHYCOMJOM.

3. dyHKIuM TaHreHC M KOTAHTEeHC M HUX rpatuxn.

Onpepnenenne. Yucaossie (PyHKOHH, 3aTaHHBIE
tbopmynamn y = tg x u y = cig x, HA3BIBAIOT COOTBETCT-
BEHHO MaHzeHcoMm U Kxomanzencom (u obosnavaror tg
n ctg).

O6nacTbio onpefeneHnsa QYHKIUN TAHTEHC ABJAETCA MHOXKECTBO
BCEX YHCeN X, AJAA KOTOPhIX cos x # 0, T. e. Bce umcia X, He paBHBIE
% + nn (n «npoberaet» BCe MHOMKECTBO HeNLIX uucesa Z). O6macTs onpe-

OeJieHHA KOTaHTeHCA COCTOMT M3 BCEX YHCEN X, AJsd KOTOPHX sin x # 0,
T.'e. U3 BCeX 4YWCeN, He PaBHBIX T, rge n € Z.

IIpoBesem KacaTenbHYIO | K eIMHHIHON OKPYIKHOCTH B TO4Ke P,
(puc. 10). IIycts o0 — DPOUBBOJBHOE YHCHO, AJIA KOTOpOro cos o z 0.
Torga Touka P, (cos o; sin o) He JeKHT Ha OCH OpAWUHAT, M, CHENO-
BaTeNbHO, NpsiMad OP, nepecekaer ! B HexkoTopo#t Touxke T, ¢ abcruc-
coii 1. Hafinem opamHATY 3TO# TOYKH.

Has sToro saMeTdM, 4Yro mpamad OP, NPOXOAUT dUepes TOo4Y-
Ky 0(0;0) u P, (cos 0; sin a). IlosTomy oHa HMeeT ypaBHeHHE
y =x tg o. AGcumcca Toukm T, mexaineii Ha dTofi IpamoH, paB-
Ha 1. U3 ypaBHenus npamoit OP, Baxogum, 4910 opamHaTta TOYKU T

VA 1 YA
P
T s
Pa « \Ca o 2
m
P(l
0 o PO al _ \a
1 x 0 }
Pue. 10 Puc. 11
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‘paBHa tg a. Mrax, opanHara TouKku nepecedeHns npaMbix OP u | paB-

Ha TaHreHcy . [TosToMy npamMyio ! ¥ HASRIBAIOT JAUHUell MAHZEHCOE.
HeTpynso Takke J0oKa3aTh, 4To abcuucca Touku C, mepecedeHHs

IpAMO OPOL C KacaTeJbHOH m K eIHWHHUYHOI OKPY’KHOCTH, IIPOBEleH-

HOH uepes Touky P, (puc. 11), paBHa ctg o npu sin a = 0. IloaTomy
2

OPAMYI0O M Ha3bIBAIOT JUHUEl KOMAHZEHCOB8.

Ob6nacTs 3HaYeHWil TaHTeHca (KOTAHreHca) — BCA YHCIOBafA IPA-
Mmas. Jokaxem sro ana ¢yHEnuy tg. Ilycrs y, — mpousBoJbHOE Jeii-
cTBUTeNbHOEe uucio. Pacemorpum touky T (1; y,). Kax Toabko uto
ObLT0 MOKasaHo, TanreHc yriaa T'Ox pasem y,. CrnegmoBaTennrHO, QYHK-
nMa tg npuauMaer moboe NelicTBHTENIb HOE 3HAUEHUE l,, YTO U Tpebo-
BAJIOCHL JOKA3aTh.

HamoMuuM ciepnyiolime M3BECTHBIEe BaM cBoiicTBa GyHKUui tg
u ctg:

1) tg (-x) = —tg x; ctg (-x) = —ctg x;

2) tg(x+nmn)=tg x; ctg(x+nn)=ctg x, n e Z.

IlocTpoenne rpaduka TaHreHca HA HHTepBaje (—g; g) (puc. 12)

AaHAJOTMYHO TOCTPOEHMIO, ONMCAHHOMY B cjaydae cHHyca. (3HaueHue
¢pyuxouu tg B TOUKe HAXOZUTCA C NOMOIOBI0 JHMHHUK TAHTEHCOB.)

18 Tpurowoverpuyeckue (HYHREUMH
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BeneperBue ToxkgectBa tg (x + mn) = tg x (n € Z) rpadbuk TraHreHca Ha
Bceit obsacTH onpemeneHusi (puc. 13) noayuaerca U3 rpauka Ha WH-

TepBaJie —g; % Nnapajijie/lLHbIMHA IepeHOCaMu BA0.Ib ocH Ox (BIpaBo

M BJIEBO) Ha 7, 27 U T. A. I'paduk dbyHKUMUM tg HASEIBAIOT MaHZeH-
coudoil.

I'paduk KoTaHreHca NpHBedeH Ha pucyHKe 14.

} CHHYC, KOCHHYC, TAHT'€HC M KOTAHTEHC YaCTO HA3BIBAIOT OCHOBHbL-
MU mpuzoHoMempuueckumu gpynxyuimu. MHOTZA paccMaTpUBAIOT ellle
ABE OCHOBHEIE TPUTOHOMETPHUYECKWe GQYHKIINM — CeKAHC WM KOCEeKAHC
(0003HAYAIOTCA COOTBETCTBEHHO SEC M COSec).

HOna Toro 4roGbl MOHATH, IOYEMY OCHOBHBIX TPUTOHOMETPUUE-
cKux QyHKIHHE uMeHHO 6, 3aMeTHM, UTO TPUroHOMeTpudecKue GyHK-
IHH OCTPOTO YIJa ¢ MOMKHO OINPEJe/NUTh KaK OTHOIINEHHS CTOPOH IpH-
MOYTOJBHOTO TPEeyTOJMBLHHUKA ¢ OCTPEIM yriom o (puc. 3). Takux orHO-
meHnit 6:

sino =%; cosa="Y: tga=29; ctgazg;
c c b a
seca =&, coseca = .
b a
ya y=ctgx
\
N, \\” \
N ‘T :
—2x 3n\ —n n 0 T n 3n 2r 5m % 3n x
2 2 2 2 2 \\
1
\ 'K
Puc. 14
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YnpaxHeHua

28.— OrmerbTe Ha eannnqnoi«i OKDYXHOCTH TOYKy P, ecau:

i1 3xr T Fis
a)a=-, a== =2=; 6) a==,a=m 0 =—=3
) 6 2 4 ) 4 2
m 3n LS T 51
B)a==, a=22 og=-1; ra=-=, a=2n, 0 ==—.
)oa=3 2 4 ) 6 " 4
29.— Hajinure KoopAMHATH TOYKHU P, e IMHWYHON OKPYKHOCTH, €CJIH
0. PaBHO:
3n n brm
ry ==, ——, —.
) 4 3" 2

30.4f B raxo¥ 4eTBepTHM KOOPAMHATHON NJIOCKOCTH PaclioNodKeHa
rouka P,, ecam o paBHO:

31: 8Tc bn
_21 ; 6 T 17 ’ _3:2;
a) i 7 ) 3 8n
Tn 2n 5n
Ty T T 11 ’ A _2, ’ 3,7?
B) 1 5 9 ) 5 3n
31.-8 Haiigure 3HaR yucaa:
a) sin 3~“ cos— tg2,3n; 6) sin 1 cos 3 tg 5;
B) sinl,3n cos 1% tg2 9; r) sin 8 cos 0,7 tg 6,4.
32.-@ Hailigure 3HaYeHHMA CHUHYCAa M KOCHHYCa O, €CJIH 0. PaBHO:
a) 4w, -w; 6) §_2_T£’ ~-9,bm;
B) ®, —2m; r) 9%, —%.
33.- @ Ilocrpoiire rpadbur pyHKRIUN:
a) y=cos(%+x); 6) y = —sin (x + n);
B) y=cos(§—-x); r) y=tg(x+mn).

34.— Ha egnHAYHOH OKPY’XHOCTH OTMeThTeé TOUKY P (¥; y), KOOp-
AUHATEI KOTODPOH yZOBJETBOPAIT YCIOBHIO:

a) y=0,5, x> 0; 6)x=—%,y>0;
B)x=g,y>0; r)y=—}[2—2-,x<0.

35.— Ha muaammerpoBoil OyMare mnocTpoiTe eIHHHYHYIO OKPYHK-
;i HOCTB, & 3aTeM IEHTPANbLHEBIH yroa o, Taxoif, yro:
ﬁ a) sin a = -0,5; 6) cos a = 0,3;
B) cos o = -0,4; r) tga=2.
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Haitgure ob6macTh ompedeneHus u 06JacTh 3HAUEHUH MaHHOUN
dbyuxnun. Iocrpoiite ee rpadux (36—37).

36.— a) y=2 + sin x; 6) y=1+1tg x;
B) y=cos x — 1; r) y=3 +sin x.

37.— a) y =2 sin x; 6) y=—%cosx;
B) y=0,5 tg x; r) y=-1,5sin x.

HaiiauTte KOOPAMHATHI TOUEK NEPECEUEHUA C OCAMHU KOOPIUHAT
& rpaduxa pyaxnun (38—39).

a) y = sin x; 6) y=1+ cos x;
B) Y = COS X; r) y=sinx - 1.

a) y=x2- 3x; 6) y =sin x - 1,5;

B) y = 2,5 +cos x; r)y=i+1.

§ 2.

OcHoBHBIE CcBOMCTBA (DYHKI[HI

3. dyHkunn u ux rpacukun

1. Yucnosasa pynxima. C moHATHeM DYHKIIMH Bbl IO3HA-
KOMHJIHNCh B Kypce aare6psni. IIpy msydeHuM HadaJ aHajIu3a YAOOHO
IPHHEATH CJIERyIollee oNpejesleHue:

Onpepnenexve. Hucaosol pynrxyuei ¢ obaacrsio
onpenejeauda D masniBaercsa COOTBeTCTERME, IPH KOTO-
POM Ka¥KI0My 4HCay x M3 MROkecTBa D comocraBager-
¢ 0 HEKOTOPOMY NPaBHIY UMCJIO Y, 3aBHCAIIEe OT X.

PDyrruyy 06e19HO 0003HAYAIOT JIATHHCKUMHE (& HHOIAA IpedecKH-
Mu) 6ykBaMu. PaccmoTpuM npoussogaeHyo Gynknuio f. Hesasucumyro
nepeMeHHYI0 X HAsbIBAlOT TaKiKe apzymenmom Qyuryuu. Huciao y,
COOTBETCTBYIOILlEe UMCJAY X, HASHIBAIOT 3HAYeHUeM Pynkuyuu f B TOU-
ke x u obosmavaror f (x). Obmacts ompenmenennsa byakunuu [ ofos3Ha-
yaioT D (f). MHEOMecTBO, cocToAmmee U3 Bcex umcena f (x), TaKkux, 4TO X
OPHHAAJIEKHAT 00/aCTH OIpeAeJeHna GYHKINY [, HASBIBAIOT 00LACTbIO
snavenuil gynryuu [ u obosuagawT E (f).

Yamie Bcero (GYHKIHIO 3aJal0T C HOMOINGI Kakoi-iubo dop-
mynaei. IIpn 2TOM ecam He JAHO OOMOJHMTEJbHBIX OrpaHUYEHHH, TO
ofacThi0 omnpegeseHns GYHKIINM, 3afaHHON (OopMyaoi, cUHTaloT

MHOKECTBO BCeX BHAYEHMIA IepeMeHHOH, NpHd KOTOPHIX aTta ¢opMmy-

Ja umMeeT cMmieIican. Hampumep, dopmyna f(x) =1 umeer CMBICHI TIPH
X
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Bcex x # 0, mostroMy 06JiacThio omnpefenenns Gysruun f{x) = 1 cun.
x

TAIT MHOKECTEO BCEX He DPAaBHBIX HYJI0 JeHCTBHTEJLHBIX WUMCEJ,
O6nacTe ee sHaueHUI coBmajaeT ¢ OGJACTBIO ONpEeAeIeHUA U ABJIAET-
ca obpefHHEHNEM HHTepBaJoB (—oc; 0) u (0; o0).
} Boobuie o6zedunenuem mHoxicecms A u B Ha3bIBaeTCsd MHOMKECT-
BO, COCTOMIIlee M3 BCEX IJEMEHTOB, KOTOpEIe IpPHHALIERAT XOoTd OBl
OZHOMY M3 MHOMXecTB A niau B. O0peauHeEne MHOKecTB A U B o6o3Ha-
gaerca Tak: A U B. Hanpumep, o6wsegunenuem orpeskos [0; 2] u [1; 3]
asnsaerca orpesok [0; 3].

Cumponom U yao6HO MOJB30BATHCA AJIA O0003HAUEHUS UMCIOBBIX
MHOXKECTB, KOTOpPhle MOXXHO NPEACTABHUTEL B BUAe O0BeIMHEHUA YHMCJIO-

BRIX IpoMeKyTKoB. Tak, naa dbyHxmuu f(x) =1
X

D (f) = E (f) = (-o0; 0) U (05 o0).
O6nacTh ompefeneHHA QYHKIENH y = tg x — oObeguHEeHHE BCEX

HHTEpPBAJIOB BHIA ~g+1m; g+ nnj, rae n € Z; obracth ee 3Hade-

HU#f — BCA uMcaOoBAS OpAMadg, T. e. E (tg) = (—oo0; o0).
®yuxkuuu suga f (x) = p (x), rae p (x) — MHOTOUJIEH, HA3BIBAIOT
p(x)
q(x)’
rae p (x) U ¢ (x) — MHOrO4YJIeHBl, HAa3LIBAIOT OPOOHO-PAUUOHANBHbIMU
px
g (x)
B HyJb. [loaTomy o06JiacTh ompefiesleHUA APOOHO-PALUOHANBHONH GDYyHK-
X
nun f (x) = B_:_; — MHOKECTBO BCEX JEeMCTBUTEJbHBIX UHCeJ, U3 KOTO-
qg(x
PHIX HMCKJIOUeHB KODHUM MHOrowiesa ¢ (x).
- Npuwmep 1. Hadinem o6xacTte omnpegeneHHs JIpoOHO-paImo-
HanbHON GYyHKINM

YyeabiMu PAYUOHAALHBIMY PyrKYUAMUY, a DyEKINKM Bujga f (x) =

 Qyuryuamu. YacTtHOE orpegeneHo, ecau ¢ (x) He obpaiaercsa

7x8 -5x5 + 8x2 ~4x
flo=""" "% 120

x% - 3x2 +2x

Kopuu muorounena x3 — 8x%2 + 2x — gmena 0, 1 u 2. IHosTomy
D (f) = (-o0; 0) U (05 1) U (15 2) U (2; o0).

2. T'padpux dysxkuun. I'pagurxom Qynxyuu f HASEIBAIOT MHO-
HKECTBO BCeX ToYeK (X; y) KOOpPAMHATHON miaockocTH, Thae Y = f (x),
a x «mpoberaeT» BcIO 00JaCTh ompefejeHus GyHKUHH f.

IToaAMHOKEeCTBO KOODAMHATHON ILJIOCKOCTH ABJIAETCA rpapumrom
Kakoii-1nbo QyHKOHUHM, ecJIH OHO MMeeT He 0ojee OXHOH 0O0IIeld TOYKH
¢ Jioboif mpAmoii, mapajuienbHONl ocu Oy. Hampumep, MHOKecCTBO,
usobparkeHHoe Ha puUCYHKe 15, He ABasgerca rpadpukoM HYyHKIHMHU, TaK
KaK OHO COOep KHUT ABEe TOYKH C OJHOH M Toii ke abcnuccoil a, HO pas-
HBIMH opAWHATaMu b; U b,. Eciu GbI MBI COUJIM 3TO MHOMKECTBO Ipadu-
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YA YA
b, P y=1(x)
P
Yol \\»ﬂ. e ¢
LA 0
0 a x 0 X x
Pue. 15 Puc. 16

KOM GYHKIMH, TO NPUILIOCE ObI CYUTATH, YTO 3TA QYHKIIUA NMEET IIpH
X =@ cpasy ABa 3HaueHHA b; U b,, YTO INPOTHBOPEYHUT OIpeIe/IeHHI0
bYHEKOHUH.

Yacto QyHRIMIC 3ajaioT rpaguyeckn. Ilpu arom ana moboro x,
u3 obnactu onpegeneEna JIETKO HaWTH COOTBETCTBYIOIIl€ee 3Ha4Y€HHE
Yo = [ (xy) dyakmumu (puc. 16).

3. IIpeoGpasoBanme rpacduros. 3anac byaknuii, rpaduKE KOTo-
pPHIX BB yMeeTe CTPOMTEH, IOKA HeBenuK — 3To dbyHruum y = kx + b,

y=ax2+bx+c,y=§,y=sinx,y=cosx,y=tgx,y=ctgx.1'[oua-

JKeM, UTO, MPMMeHAS U3BeCTHHIE U3 Kypca reOMeTPHH CBeJeHHUA O IIpe-
o0pa3oBaHUAX (DUT'YD, 3TOT CIIMCOK MOXXHO CYILIeCTBEHHO PACHINPHUTE.
1) PaccMorpuM cHauajla napaJjienvoHbiil 1nepeHoc HA 6eKmop
(0;-b) sdonb ocu opdurnam. Obo3Hayas 3gech U gajdee uepes (x'; y') Ko-
OpOHWHATH TOYKH, B KOTOPYIO HEPEXOAWT MPOM3BOJLHAA TOuKa (X; )
IJIOCKOCTH TPM JAaHHOM NIpeoOpasoBaHUM, TOJYYMM MH3BECTHBIE BaM

¢dopMyanl
x' =x,
1
{y’ =y+b. ()

Ilyers f — npoussonpHasi GyHKHUA ¢ 06AaCTHIO OHpEefENeHUA
D (f). Brisicuum, B xakyo Gurypy mnepexofut rpadur 3Toil QyHKIUHU
Opu paHHOM nepeHoce. U3 dopmyrn (1) cpasy mosmyuaem, YTO NMPOH3-
BonsHaa Touka (x; f (x)) rpadpurka mepexozur B Toukry (x; f (x) + b).
9To 03HauaeT, UYTO rpaduk f mepexozur B QUI'YDPY, COCTOAUIYIO U3 BCEX
Touek (x; f (x) +b), rae x € D (f).

ITo onpenenenuro rpadura Gynrmuum sta GUrypa aAsIsgeTcA rpa-
¢purom byarnum y = f (x) + b. Ckasannoe mozposnser chopMyIupoOBaTH
NIPaBUIO:

Has mocrpoenuss rpadpmxa dyurknuum [ (x)+ b, rae
b — mocTrosauHOE YMCIO, HaKO HepeHectH rpadux [ ma
Bektop (0; b) BOOAL OcH OpZUHAT.

. IIpumep 2. ITocrpoum rpabuky QyHKIMi: a) y =sin x + 2;
6) y=x2% - 5.
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/2n -

YA a) B cooTBeTCTBHMH ¢ MIpPaBHJIOM
2 nepeHocyM rpadvk GyHKIUH Yy = sin x
Ha BexkTop (0; 2), T. e. BBEpPX mo ocu Oy
Ha 2 eamHUNK (puc. 17).

6) IlocTpoeHHe ocyilecTBiIsdeTcA
neperocoM mapabonar y = x° Ha Bek-
Top (0; -5), T.e. BEHM3 mo ocu Oy
(puc. 18).

2) HoepiM gia Bac mpeoGpasoBa-
HUEeM HABIAETCS pacmsaycenue 600ab ocu
— Oy ¢ koagpdpuyuenmom k, KoTopoe 3ajga-
eTrcsa dopmynamMu

r

{x =x, @)
Yy =ky.

Jaa moctpoenmst roukn M', B KO-

TOPYI0 IIEPeXOAMT JaHHaA Touka M

-5 IpH pPACTAMKEHHH, HALO IOCTPOMTHL Ha

npamoit AM, rge A — npoexnua M Ha

Puc. 18 ock Ox (puc. 19, a), Toury, roMoTeTHY-

Hyi0 M oTHOoCcHTeNbHO IeHTpa A (K0ahPHUIHEHT rOMOTETHH paBeH KO-

atbdunnenty k pactaxenns). Ha pucyike 19, 6 mokasaHO HOCTpoeHHE

TOYEK, B KOTODBIE [IEPEXOAAT JAaHHHE IPH PACTAEKEHUAX ¢ Ko3dduim-

eHTaMH % u -2.

Briacuum, B raryo ourypy nepexozut rpadbuxk dpyHxmuwm [ upu
pacraxernu. Vs dopmya (2) cpasy noayuaeM, UTO NPOU3EOJILHAA TOU-
Ka (x; f (x)) rpaduka f mepexoamT B ToURY (x; kf (x)). Orciona crexyer,
yro rpadmx [ mepexoauT B OGUrypy, COCTOAINYI0 U3 BCEX TOUYEK
(x; kf (x)), rge x € D (f). 9ta durypa sBiasgercs rpaduroM DYHKIIHH
y = kf (x). JokasaHO cienyomiee NPaBHJIO:

Hus nocrpoeHus rpabura QyHrnuH y = kf (x) Haxo pa-
CTAHYTHL rpadpur ¢pysxmun y = f (x) B £ pas BAOAL OCH
OpAMHAT.

. IIpumep 3. Ilocrpoum rpaburu Gyuxnuil y = 2x2 u y = %cos X.
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yA
8 M' (x¢; ky,)
M (xp; Yo)
B L.
A x
N (x5 y9)
N' (x5 kyy)
a)
yA
M (x,4;
(e -ayp| [ OO
F (xg; y3)
M’ (xo; 1yo)
, j 2
1 :
| \i 0 x
'\ NGy Ly
\ E(xz; yz) { 12 2 1
g N (x5 y1)
F' (xg; ~2y3) v
6)
Puc. 19 Puc. 20

TlocTpoenne ocylzecTBasfeTCss B IIEDBOM cJyuae ®u3 rpaduxa
byurnuu y = x? (puc. 20), a BO BTOPOM CJIyuae CHAUANA CTPOUM rpa-
durx dysrnum y = cos x, 3aTeM BOCHOIB3yeMCA PaCTHAMKEHHMEM BJOJIb
OCH OpIHHAT ¢ KO3(PDUIHEeHTOM % (puc. 21).

Bameuanue. Eemu 0 < |k| <1, To pacTaskenme ¢ Koddhdu-

IOIUEeHTOM k gacTo HasBIBAIOT cocamuem. Hanpnmep, pacTaxeHne C KO-
1

spdunneHTOM 3 HASHIBAIOT CXKATHEM B 2 pasa. OTMeTHM TaK’Ke, YTO
eciz k <0, ro ana mocrpoenusa rpadbuka dbyuxnum y = kf (x) Hamo
CHAYasa PacTAHYTHL rpaduk f B |k| pas, a 3aTeM OTPa3UTL eroc CUMMeT-
PHYHO OTHOCHTeabHO ocu aBcnumcc (ecM. pme. 20).

y cosx
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ya 3) Ilapannenvrbiii nepernoc 8dors
@/ ocu abcyucc na eexmop (a; 0) saza-
Yz erca ¢opmynamu
e
1.~ 5& x'=x+a,
y { , (3)
M'/L M Yy =y.
> Kaxknas Touka rpaduiKa (QyHK-
-1 0 1 x nuu [ IepexoJuT COLJIacHO Gopmy-

adam (3) B roury (x + a; f (x)). Iloaro-
My € IOMOIUBLIO IepeMeHHLIX X', Y’
MOJKHO 3amMCaTh, 4To rpadmr [ mepe-
xozut B durypy @, cocroaimnyio 13 Touek (x'; f (x' — a)), rue x' nupuHU-
MaeT Bce 3Ha4YeHMA BHAA X + a (x «mpoberaer» D (f)).

HMeHHO mpym 3THX 3HAYEHUAX X' UHUCIO X' — @ TPUHANJIEKUT
D (f) u f (x' - a) onpexeneno. CnexoBaresnsuo, durypa © ects rpadpux
dyurnun y = f (x — a). Urax, MoKHO cheraTs BBIBOA:

Puc. 22

! I'paduk byurnuu y = f (x — a) nonydaerca us rpadu-
i Ka f nepesocoM (BroJsb ocu abcuucc) Ha BeKTOp (a; 0).

O6paTuTe BHUMaHue: ecad a > (0, 1o BexTop (a@; 0) HampasieH
B MOJIOXKUTEJBHOM HANDABJIEHWHU ocu abcuuce, a opu a < 0 — B oTpH-
LaTeJILHOM.

# n puMep 4. Hoctpoenue rpadukoB GyHKmui y=+vx+1 u

Y =cos(x—§) MOKA3aHO Ha pUCyHKax 22 u 23.
4) Pacmsaxcenue 600oab ocu Ox ¢ kospguyuenmom k samaercsa
dopmyramMu
x' = kx,
{ , 4)
y=y.

IIpousBoJbHad TOUKa rpad®dmka QyHKIUM [ I[IepeXOAHUT NPH Ta-
KOM pacTa:KeHHH B Touky (kx; f (x)). Ilepexona ¥ nepeMeHHEIM X', Y,
MOXKHO 3amucaTh, uro rpabux y = f (x) mepexogur B purypy, cocros-

myo H3 TOYeK (x’; f 3;— , I'le X' IpUHEMaeT BCe 3HAYEHUA BHUIA

x'=kx, a x € D(f)-
Yp
1| y=cos (x—g]
—_— -
BNNRVZANNEEZ-Z2NN

y=co&~z//—;}-- g\.\%»/ 74_“ \\_.CEC

Pnc. 23
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y=cosx
Puc. 24

Ora turypa ects rpadur QyHKIHU Yy = f (%) Hrax:

HOna nocrpoenuss rpaduxa GYyHKIUU yzf(i) HaJ0

THOABEPTHYTH Ipadpur QYHKINHU [ DACTAKEHHIO C KO3(-
duLeHTOM £ BIOJB ocu abciiuce.

B pumep 5. Iloctpoerne rpadpukoB GyHKIHHE y =cos 2x H
y= sin%x IMOKa3aHO Ha PHUCYHKax 24 m 25.

’ 4. Orobpaxenne. OyHKIHNIO ¢ objacThio oupeAeideHus D u 06-
JacThiO 3HadueHWH E HasbIBAlOT Takke omobpadyxcenuem mHoxcecmea D
Ha mHowecmeo E. MoxHO cKa3aTs, HAIPUMED, UTO hopMyJa y = sin x
3azaer orobpaskeHNe MHOYeCTBa R JefICTBHTEABHBIX YUCE] H8 OTPE3OK
[-1; 1]. CnoBa «byExummsi» u «orobpasKeHHEe» — CHHOHHMBI.

Hepeaxo paccmarpusaloT GyHKINEM (oTobpaykenns), obaacTs
ompefeNeHAA MM 06JacTb 3HAYEeHHS KOTODHIX (& BO3MOMKHO, H 00a
9THX MHO’KECTBa) He SBJNAIOTCA YMCJIOBHIMHA MHOXKecTBaMu. C TaKUMU
IpUMepaMu, IO CYHIeCTBY, Bhl Y€ BCTDPEUaJUCh B Kypce IeOMeTDPHH.
Hanpumep, obsnacrsio onpefeieEnsa GyHKUuH «Ilnomaze MHOroyrosib-
HHKa» pM QUKCHUPOBAHHON eIWHHNIle M3MePEHUA uyoianeii spjagerca
MHOKECTBO MHOTOYTrOJhHHMKOB ILIOcKOCcTH. OO0JacTh 3HAYEHUi 3ToM
OYHKOUN — MHOXKECTBO HEOTPHUIaTeNbHbIX Yuces (miomais 0 uMewT
«BBIPOXKIEHHEIE» MHOTOYFOJILHUKHY, HAIDUMED OTPE3OK).

JBuixenne (Taxk ke KaK U nmpeobpasoBaHmue noaoGus), mepeBos-
mee burypy F B durypy F', Tak:Ke ABAseTcA OTOOpaKeHHEM, ero o0-
JacTe omupegenenuss F u obmacth 3HadeHuit F' cocrosT M3 Touex.

Ilonatue orobpaskeHuss 4ACTO OTHOCHT K YHUCJIY OCHOBHHIX IIOHS-
THH Beceil MaTeMaTuKu. C ero nmoMoubio MOXKHO JATbh TAKOE Oonpenesie-

Puc. 25
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HEe PYHKINYK: QYyHKIHEH ¢ 00aacThi0 oupeneneHnsa D u obiacThio 3Ha-
uyenuii E HaseIBaeTcA oTobparxenume MHOKecTBa ) Ha MHOMKecTBO E,
OPY KOTOPOM KaiKJOMy 3JIeMeHTy MHOKecTBa [} COOTBETCTBYET OZUH
BIIO/IHE ONpEeNeNeHHBIH 3JIeMeHT MHoXecrBa E M KaKIBIH SJIeMeHT
MHOXKecTBa E mocTaBiIeH B COOTBETCTBUE HEKOTOPOMY (XOTA ObI OZiHO-
MY) 3JIeMeHTY MHOKecTBa D.

YnpaxHeHus

40.— Haiignre 3pavyeEnda QyHKIINH:
a) f(x)=x +i B Toukax —1, %, 10;
L 6) (%) =3cos(x—%] B TOUKAX —%, 0, w;

B) f(x)=+V5x~x%? B Toukax 0, 1, 2;

=2 - sin 2 -% 0, 5%,
r) f(x) sin 2x B TOukax 1 15
3anumuTe 3HAYEHUA PYHKITWH:
a) f(x) =x*+2x B TouKax x, t+ 1;
6) f (x) =tg 2x B TOuKax a, b - 1;
B) f(x)=%+1 B TOUKaX X, a + 2;
r) f(x)=2cos % B TOUKax 2, h + 7.
YA
VA b
a = >
y 0 b x 0 “x
a) ¢ )
L N
yA
0 > 0 x
B) 1)
Puc. 26
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42.— {snaerca s rpaduxom OGyHKEME durypa, usobpaskeHHas
Ha pucyHke 26, a—2?

Haiigure o6iacTs onpeaenenna Kaxaoit ud byHrnuia (43—44).

-1
=) ()= 6) f (x) =/x* -9;
x“—-4x+3
)
B) f(x)=—— r) f(x) =36 - 22.
. x“+2x-8
. a)f(x)=xl3; 6) f(x)=2tg x;
B) f (x) =1+ ctg x; r) f(x)_—_%.
X
Hatizure o61acTh onpeaesieHUss M 00JjacTh 3HAUYEHHWH KamJoi
u3 QyHKIHAN:
= _E . = —--—4 .
a) y 2cos(x 3), 6) y 2+x—3’
= 3 el 4 = i T
B)y~x+1 1 r) y=38+0,5 s1n(x+4).

Haiigure o61acTh onpeneneHns U o6iacTs 3HAUEeHUH GyHRINHK,
rpadur KoTOpo#l m3obpaskeH Ha pucyHke 27, a—e.

Haueprure rpadbuk xaxoif-aubyns pyHKOUY f, LIS KOTOPOIl:
a) D(f)=1{-2;4), E()=1-3;3];
6) D (f)=(-5; 38), E(f)=1{2; 6].

! L RN T U S SV O A 7 [P
‘ i v :

1-18 e T =
; ,V‘I:._im_j___+._... . %

my T

Lo
SN,

1 T
i 73 b
e |
AN DA RN
-1,51 P4 T
AWEnsidD ANERRNER
16 01,5 N 6-+]
i
| -13t E L
B)
Puc. 27
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48.—

%
&

49.

50.

51.—

52.—

=

B ozno#t m ToH ke cucTeMe KOODAMHAT TOCTPOHTe rpapuiy
byHRIHE:

-1
a) y=

1 1
=_+2, :_-4—;
y x y x-2

. 0) y=cos x, y=cos x — 3, y=cos(x+§);

By y=-x% y=4-x% y=-(x-2)%

r) y =sin x, y = sin x + 2, y:sin(x+%).

Hoctpoiite rpadpurn ¢pyarumit (49—50).

1. —(x — 9)2 — 4:
a) y=—"3; 6) y=(x-2)°-4;
B) y=1-(x + 2)% r) y=2+%.
a) y=1+ 2 sin x; B) y=vx+1-1;
B) y=0,5cos x — 1; r) y=2++x-1.

Haligure sEaueHusa GyHKITHU:

a) f(x)={

x, ecin x 20
? B Tourax -2; —i; 0; 5;
-x, ecarm x <0, 3

2 _ >
6) f(x)= % —1, ecmm x 1 B TouKax —2; -1; 0; 4;
1-x, ecniz x<-1,

sinx, eciix x>0
B) f(x)= ’ ’ B TOYKAaX —%; —
cosx-1, ecim x <0, 2

a) OcuoBanme AC Ttpeyroibauka ABC pasmo b, Beicora BD
paBua h. Yepes Touxky K BwicoThl BD mnposepgeHa npsamasd,
napaanensHaa AC. Broipasure nnomaznm dburyp, Ha KOTOpble
JeJIUT 3Ta UpaAMasd LAaHHBIA TPEYroJbHHUK, KaK (QYHKIHM OT
paccrogana BK = x.

6) Paguvannasa mepa mEeHTPaJbHOTO Yria pPaBHa X, Paguyc Kpy-
ra paBeE R. BripasuTe IJomiaJb COOTBETCTBYIOIIETO CETMEHTa
KaKk (QYHKIHWIO OT X.

B) PaguanHasa Mepa IeHTPaJbHOIO yIJia CEeKTOpa paBHA O, pa-
Auyc paBeH r. Bripasure mepumerp ceKTopa Kak (GYHRIHIO
OT yria o.

r) Ilpamas, mapannensnas JuaTOHATHM KBajapaTa, AEJAT ero
Ha ABe purypnl. 3agaiite GopMysIoil 3aBUCUMOCTD MEXKAY WJIO-
mMAanbo KaMAo# PUryps U JIUHOH X MEHBIIEro OTpeska, OTce-
KaeMOTO JaHHOM HPAMON OT JUMATOHAJIM, €CJIM CTOPOHA KBazpa-
T4 paBHA a.
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53.— Haiigure obaxacTes ompepeneHusa QyHKIIUU:

Jy3x-2 NE% 3x 2

R LA Tap
R A NP DVET gy

54.— Haiigurte 0bsacTb onpefeieHUA U 06JIaCTh 3HAUCHWH QYHKIINHA:
a) y=1+sin? x; 6) y-fx—l,

B) y=4x% +4; r) y=1,5-0,5cos? x

IlocrpoiiTe rpadbukn byuxmui (55—56).
x% -4, ectm x> 2,
6) y= {

55.- a) y=|x_1l; 2 -x, eciu x <2:

e
B)y=v2x—2; I‘) y= 3 x*, ecnm x >1,
x-2, ecin x < 1.
56.-8 a) y =sin 3x - 1; G)y—2x3+2
B) y =1 + cos 2x; I‘)y=1+%\/;.

4. YertHble n He4veTHble HYHKUMMU.
Mepuoan4HOCTL TPUroHOMeTpuYeckux yHKUnMA

1. Yernsie u Heuernnie pynknuu. Paccmorpum pyHKIIUA,
ofbsacTu oupejeseHAsI KOTOPDHIX CUMMETDMYHLI OTHOCHTENbLHO Hauaja
KOOpAMHAT, T. €. AJa Ni060ro x u3 objiacTu ompexeneHUs 4ucao (—x)
TaK:Ke NPUHAJJNEeKHT obsacTH onpeaeienus. Cpenu Tarux QyHROUH
BHIIEJIAIOT YeTHHIE W HEYeTHBHIE,

OnpepenerHve. dyaxuus f HaspiBaeTca “wemuoi,
ecad aas a00oro x u3 ee 0GJACTH OuIpeaelecHHA

f (—x)={(x) (puc. 28).

I/
yA
f(-x)=f(x)
N f(x)
R o o/ |]
| . X a x
-a -x 0 x a x /
| \] f(-x)
Puc. 28 Puc. 29
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Onpepnenenne. Oyuxkung [ aassiBaeTca Hewem-
KO, eCIM A J1060ro X M3 ee 06IaCTH ONpeNesIcHUA

f (%) =-f (%) (puc. 29).

B Opumep 1. Oyurknua f(x)=x* dwernmaa, a OGyHKIUA
g () = x® meuernaa. JeficTBUTeNbHO, OGNACTE ONPERENEHUA KAKION
M3 HUX (3TO BCA YKCJIOBAS NMPAMASA) CHMMETPHYHA OTHOCHTEIHLHO TOUKH
O u gna moboro x BEIMOMHeHH paBeHcTBA [ (—x) = (-x)* = 2% = [ (%),
g (-x) = (-x)® = —x® = —g (x). Tpadburu Gpyuxnuit H306paKEeHLI HA PU-
cyEkax 30 m 31.

IIpu mocTpoennu rpadpuKOB UETHBIX M HEUYETHHIX (GYyBKIUY Oy-
leM TIOJIB30BATLCH CJHEAYIONTWMH H3BECTHBIMHU M3 Kypca ajire6psl CBOM-
cTBaMu:

1°. Tpapukr uweTHOM GYHKIMM CUMMETDHUYEH OTHOCH-
TeJIbHO OCH OPXHMHAT.

20, I'padpur HeueTHOH GYHKIUHN CUMMETPHUYEH OTHOCH-
TeJIFHO HAYanaa KOOPAHHAT.

M3 sTux ABYX IpaBHJ BHITEKAET CIEAYIOIee: IPH IOCTPOEHHH
rpaduka yeTHOH MnM HeUeTHOH (PYHKIUH HOCTATOYHO IIOCTPOHUTH €r0
4acTh AJIA HEOTPHIATEJIbHBIX X, & 3aTeM OTPA3HUTH IMOJy4eHHEIH rpa-
¢uK oTHOCHTENBHO OCH OPAHHAT (B ciaydae yeTHOH QyHKOHMU) HIM Ha-
yajna koopawmHAT (B CAydae HedeTHOH).

| pumep 2. PyHruua f (x)=x+ i HeueTHaA (JOKaYKHTE 3TO

camocroATe bHO0). Ee rpaduk cuMMMeTpHYeH OTHOCHTEJIBHO Hayajga KO-
opauHat (puc. 32).

OCHOBHEIE TPHTOHOMETPHUYECKNE (DYHKIIMHM CHHYC, TAHTE€HC M KOTaH-
Te€HC ABJAIOTCA HEYeTHHIMH, & KOCHHYC — YeTHOH ¢yHKDmeil (cM. m. 2).

YA ya
y=x°
y=x
1
- 0 1 x
-1
1
-2 -1 0 1 x
Puc. 30 Puc. 31
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VA UA
=x + 1
b= x
2
1
1 0 1 x -1 0 |1 x
-1
-2
Puc. 32 Puc. 33

IloaToMy rpadukKm cHHyCa, TaHreHca M KoraHreHca (puc. 8, 13, 14)
CHMMeTPUYHBI OTHOCHTEJbHO HAUANA KOOPAWHAT, a rpaduKk KOCHHYycA
(puc. 9) cuMMeTpUYEeH OTHOCHUTEJILHO OCH OPAMHAT.
2 +x

YyeTHas, TaK Kak ee 06-
X —x

. - IIpumep 3. @yaxnuua f (x) =

JacTh onpegejeHusa CAMMETPHNUYHA OTHOCHUTEJNBHO TOUKH X = 0 (OHa CO-

CTOHT M3 BCEeX YHCeJ, oTJMYHHX oT —1, O u 1) u ana Bcex x € D (f)
BLIIIOJIHEHO DPABEHCTBO
(—xB +(-x) -x%-x xP+x
f(-2) = =T

=f(x).

x-x

(-%)3 —(-x) x-=x

I'padux sroift PyHKIMHM CHMMETPHUYEH OTHOCHTeJbHO ocu Oy
(puc. 33).

Ilpumep 4. ©yaxnus f (xr) = x% + x He ABAfETCA HY YeTHO,
HN HevyeTHO#. Ee 06aacTh onpefie/leHHA CHMMETPHUYHA OTHOCHTEIbHO
Toukn 0, HO, HanmpuMmep, mpz x =1 He BHIDOJHEHO HH PaBEHCTBO
f(Q)=7f(1), uu pasenctso [ (1)=~f(-1), mocrkonwry f(1)=2,
af(-1)=0.

2. Ilepnogvwueckne ¢ynrnun. OueHb MHOTHE IIPOIECCHl H SABJE-
HHUSA, C KOTODEIMH MBI BCTpPeUaEMCS HA INPAKTHKE, HMEIOT IIOBTODSIO-
muiica xapakrtep. Tak, BzauMHOe pacmnojoxkenue CoaHma u 3eMaHu
poBTOpAeTcA 4yepes rox. IlosomeHnus MasgsTEMKA B MOMEHThI BDEMEHH,
OTIIHYAOINHeCd HA MepHol KouefaHMda MAsITHHKA, OJMHAKOBBI.

Takoro poaa npomneccsl HA3LIBAIOT IIEPHOAHYECKUMH, a (YHK-
IUH, UX ONUCHIBAIOIINE, — IIePUOSUICCKUMHA DYHKIUAMU,
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H3zBecTHEIe BAM OCHOBHLIE TPHTOHOMETpUUeCKME (GYHKINH —
nepuoaudeckue. Tak, Aaa moboro yncaa X u Jg0HOro NEeJoro k BHINOI-
HEHO paBeHCTBO sin (x + 2nk) = sin x. Orcoxa cieayer, uro 21k — me-
pron ¢yeknun cuHyc (B # 0 — IpoOM3BONIBLHOE IIeJ0e YHCIO).

Boobie, rosopa o mepuognuHOCTH GYyHKIHH f, MOJAramwT, 4YTO
uMeeTcs Takoe umucyao T # 0, uro obaacts onpenenenus D (f) BmecTte
C KAXKJON TOUKOH X CONEPXKHUT ¥ TOUKM, HOJyualoluecs W3 X IIa-
panyeNbHBIMN NepeHocaMu BIoab ocu Ox (BIpaBO U BJIEBO) Ha PacCTO-
sane T. Oyaxnuio [ HaswBaloT nepuoduueckoii ¢ nepuogom T # 0,
ecJId AJiA JI000ro x U3 00JacTH onpegeseHuA 3HAUEHUS 3TOH (PYyHKINU
B Toukax X, x — T u x+ T pasuw, T.e. fx+T)=f(x)=Ff(x-T).

ITockoNBKY CHHYC W KOCHHYC ONpeneseHbl Ha BCEH UYUHCJAO0BON
npamoi u sin (x + 2n) = sin x, cos (x + 27) = cos x w14 Mmoboro x, cu-
HYC M KOCHHYC — IepHogmuyeckue GYHKIHU ¢ nepuoxom 2w,

TaHreHCc M KOTaHreHC — NEPUOJINUYECKHME QYHKIHNHN ¢ T[epHOo-
noM m. B camom gene, obaacTu ompenesieHuA 3THX (PYHKIUHA BMecTe
¢ KaXKALIM X COZepKaT YHucia X + 7T U X — M W BEPHHI pPaBEeHCTBA
tg (x + 1) =tg x, ctg (x + ) = ctg x.

OueBuIHO, uTO ecnu QyHKUUA f nepuoguveckas ¢ mepuogom T,
10 npu a06oM ueaom n # 0 umeno nT Toxke NMepHOA ITOH (PYHKIUH,
Hanpumep, npu n = 3, BOCIOJBb30OBABIINChL HECKOJABKO Da3 ompejese-
HHEM NEePUOANYecKON GYHKIMHA, HAXOANM;:

fx+383T)=Ff(x+2)+T)=f(x+2T)=f({(x+T)+ T)=
=fx+T)=71(x).

JoxkamxeMm, 4TO:

a) HAaMMeHbLIIMH MOJOXKUTEeNbHBIH mepuos GYHKUIUM
y =sin x ¥ y = cos x paBeH 2m;

6) HaWMEHBINIHMM MOJOKHUTEJIbHLHIM IepuogoM GyHKIIHHA
y=tg x 1 y =ctg x ABadgeTCA YUCJIO T.

’ a) Kak y:xxe oTMeYanoCh, YUCIO 21 SABAATCA IePHOAOM PYHKIIHIT
sin u cos. IlosTomMy ocraeTcss mOKa3aTh, YTO MOJOMKUTEILHOE UHCIO,
MeHbIIee 21, He MOXKeT ObiTh MX mepuoxzom. Jloka)keM aTo.

Ecau T — mpoMsBOJIBHBIE Hepuoj KocuHyca, To cos (o + T) =
=cos o npu awbom o. Ilomaras o =0, gaxoxzum cos T =cos 0= 1.
Haumenebmniee nogoxurtenvuoe umucao T, mra KoToporo cos x = 1,
ecTb 27.

ITycts T — nmpOM3BONBHBIN NOJIOSKUTENBHBIH IEpHoJ CUHYycA.

Toraa sin (o + T) = sin oo npu Jawbdom o. Iloxaraa o = g, moJIy4yaem

sin(T+—g)=sin§:1. Ho sin x = 1 ToaepKo mpu x=-72-t+27tn, nel2.

ITosromy T = 2nn. Haumensbiniee IOJMOXKHUTEJbHOE YUCIO BHAa 21n
ecTh 27,
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YA

Puc. 34

6) Ecan T — nonoxkurenbHbId mlepnmon TaHrenca, to tg T =
=tg (0+ T)=tg 0 =0. Tax xax Ha mHTepBaJe (0; ) TaHreHc HYJel
He mmeer, T > n. Panee [gokasaHo, 4To T — Hepuox ¢(byHKunum tg,
¥, 3HAYAT, X — 3TO €e HAMMEHBIINH MOJIOMKHUTEJIbHBIN nepumon. Hasa
dbyskmnn ctg A0Ka3aTeNbCTBO AHAJOTHYHO.

Kak mpaBmio, CJ0BA «HAMMEHBIIHII ITOJIOKHUTEJILHBIN IEePHOX»
onyckawT. [IpuHATO, HanpuMep, rOBOPHTL, YTO MEPHOL TAHIeHCA Da-
BeH T, a MepHOJ CHHyCa paBeH 27.

IIepHOINYHOCTHIO OCHOBHBIX TPHTOHOMETPHUYECKUX (DYHKIHE MBI
yiKe (PaKTHYECKH MOJL3OBAJHCH paHee, IPH IIOCTPOEHMH rpadUKOB.
CropaBeanuBO CleRyIOlliee YTBEpsKACHUE:

Oaa nocrpoennsa rpaduxa IepHOAHYECKOH GYHKIUHK
¢ nepuozoM T [OCTATOYHO IIPOBECTH NOCTPOEHHE Ha
orpe3ke aauHoil T u 3aTeM moJaydyeHHBIH rpadHK napas-
JieJIbHO IIepeHecTH Ha paccTosiHuA nT BIOpaBO M BIEBO
Baoas ocu Ox (puc. 34, sgeck n — m10060e HaTypaJbHOE
4HCII0).

HeitctBurensuo, mycTs (¥, y,) — TOUKa rpaduka nepuoauye-
ckoii dyskuuu f. Torna Touka x, + nT npu mobom UesoM n TpHHAL-
JeKHT obnacTu ompedencHusa [ (cM. saMeuyaHHe B Hadaje IYHKTA)
¥ BCIAEACTBAE HEPHOXMYHOCTH [ CIpaBejJnBO paBeHCTBO f (x, + nT) =
= f (xy) = y,- 3Haumt, Touka (x,+ nT; y,), NonydeHHas OpHU Iapa-
JeJILHOM IlepeHoce TOUKH (X4 Y,) BAOAb ocum Ox Ha Bektop (nT; 0),
TOXKe NPHHAAJEXHT rpadury f.

- IIpumep 5. Ilocrponm rpadux dbyuxnuu f (x)= 2 cos x + 1.
Jlia mocTpoeHUs BOCHOJL3yeMcHd TeM, 4To GyHKIUsA [ mepuosuyeckas
¢ mepuogom 27n. lefcTrBuTenbHO, QYHK-

nua [ ompefeiseHa Ha Bced IIPAMO, v

U, 3HAYHUT, BMECTe C I[IPONIBOJBHOH y=2cosx+1
TOUYKOM X, ee 06JacTbh OIpefeseHHuA CO- 5 _ g
KepKUT TOUKH, NOJNydaloMuecd U3 X, \ y=acosx
IapajaeIbHEIMH IepeHocaMi BAOJIL 1 T y=cosx
ocn Ox BunpaBo ¥ BJeBo Ha 2n. Kpowme ol = ' on ;
TOro, BCJIEJCTBHE INEPUOANMYHOCTH KO- B SS?

cunyca f(x+ 2n)=2cos (x + 2n) + 1 =

=2cos x + 1 =7 (x). [loasayace cBOIi- Puc. 35
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-
NS 2r NS 4n x

Puc. 36

y -
3 y=2cosx+1 .
’\ T 3n =
-2n “IJIO A4

CTBOM rpadKOB nepuogudecKHX GyHKIHiL, cTpouM rpaduk [ cHava a
Ha oTpeake [0; 2n] (&1s 3TOro B COOTBETCTBUY C M3BECTHHIMU IpaBHJIa-
Mz Ipeo6pasoBaHNA rpapHMKOB PACTATMBAEM rpaduK KOCHMHYCa BIOJb
ocu Oy B 2 pasa u casuraem ero Ha 1 BBepx (puc. 35), a saTeM ¢ Iio-
MOIIBI0 ITapaije/bHEIX IEePEHOCOB IIPOLOJJMKAEM €TI0 HAa BCIO UHCJIOBYIO
npamyio (puc. 36).

’ IIpumep 6. HokaxeMm, utro GyHKIUA f(x)ztg(zx_z) fe-

pUoAuYecKasas M ee HanMeHbITHWil IOJOXKHUTENLHLIN Imepuof paBeH g

TaHreHc ompejieieH IIDU BCeX B3HAUYEHMAX AapryMeHTa, He pDABHBIX
g+ nn, n € Z. [ToaToMy 00s1acTh OIpeieIeHIS AaHHOM QYHKIUK COCTO-

HMT U3 TaKUX X, YTO 2x—-§¢%+nn, T. €. x¢%+%

cinenyer, 4To D (f) HEapAZy ¢ IPOM3BOJABHBEIM X COJEPXKUT U BCE TOYRU

BHAA X+ “2—", xo—ltzﬂ, n € Z. OueBUIHO, UYTO YMCJIO % ABJAETCA Te-

n I T 4 ‘I)
(o) , TAK KakK + =tg(2|x+Z|-F|=t¢ 2¢ =4 nl=
puogoM f, T f(x 2) g( (x 2) 4) g[\ x " s

, neZ Orcioma

=tg (2x —f) = f (x). OcraeTca AOKa3aTb, YTO UKCJIO % — HaUMMeHb-

mui nogoxuTenbHbIl nepuoy f. JonycTnmM, uTo nepuoioM [ ABIAeTCH
Takoe uucao Ty, uro T, < g Torzaa ana mwoboro x £ D (f) cnpaBeginso

paseHcTBO f(x+Ty) = tg(2 (x+Ty) —f) =tg ((2x - fj + 2T0j=f(x)=
=tg (Zx —%), nockoneky T, — nepron f. Ho aro osmauaer, uro 2T, —

nepuon pyurnuu tg. Ilo npegmonoxennio Ty < %, T. e. 2Ty < n. Ilpo-

THBOpEeUYHE ¢ JOKA3AHHBIM paHee: HaAMMEHBINUHA HOJOMKUTEIbLHBIHA IIe-
puoA TaHT'€HCa PaBEH T. CﬂpaBe].IJIHBO n 0611190 YTBEDHACHUE:

Ecnu ¢dyHKIUA f nepuoanueckas U MMeeT HAMMEHBIINHA
nojoxnuTeNbublii nepuon T, To ¢yarnus Af (kx + b), rae
A, k u b nocrosunnl, a k # 0, Takyke NmepHOAWYHA, IPHU-

T
k|

YyeM ee HanMeHbIIUH MOJIOKUTEeIbHEII ImepHoJ paBeH
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H3 sroro yTBep:KAEHUSA cpasy NOJy4YaeM, 4TO, HAIPHMED, IIPHO-

oM dyEHKRDUM sin (3x - g

cos (—g + n) paBeH 4m.

YnpaxHeHus

21

ABAALTCA THCNO ~=, & TEPHOA $yHRIMN

JlokakuTe, YTO PYHKIHUHK ABAAIOTCA YeTHHIMH (57—58).

57.— a) f (x) = 8x% + x4
. B) f(x)=x2cos x;

-’.'a)f(x)=

cosbx+1,
E

2gin %

6) f(x)=x" sing;

r) f(x) = 4x5 — x2.

6) f(x)-s“‘z"
2.1

D =20

JloxkaxnTte, 4TO QYHKIHE ABJIAIOTCA HedeTHRIMU (59—60).

a) f (x) = x% sin x%; 6) f(x)=x2(2x — x3);
6) f (x) = x® cos 3x; r) F(x)=x (5 - x?).
x4 +1 3
6 = cCos X :
a) f(x) = ) F(x) T25-75)
_ ] _ x%sinx
B) f(x)———x6+2, r) f(x) e
1/ B Ix 1
- i
3L - Lo |
/ -
/ / N
i > L >
-4 0 X 110 w'%(], X
T 1] B 1_
a) 6)
s y 1 &
|
2 2
o AN |
-5 N2 [0 E N5 x
N 7
A9 29l .4 4
| 4
| i
B) r)
Puc. 37
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61.— Ha pucyuke 37, a—2 mocrpoen rpaduk pyExuuu f ansa scex x,
yaoBaersopsiomux ycaosuio x 2 0 (x < 0). ITocrpoitre rpa-
bux dyuaxumumr f, ecam usBectHO: 1) f — dYeTHas GYHKIHA;
2) { — HeueTHas QYHKIMA.

62.— JMoxaxure, uyro uucao 1 sABIfAeTcs nepuogoM GyHKIUU f,

. ecam:
£ a) f(x)=sin%, T=4n; 6) f(x)=2tg3x, T=1;
B) f (x) = 3 cos 4x, T=-g-; r)f(x)=ctg-g, T = 3.
63.48 JoxkaxuTe, 4yTo QYHKIUA [ SABISETCA ePHOLUUELCKON:
a) f(x)=2-cos x; 6) [ (x) =tg 2x;
B) f (x) =sin x + cos x; r) f(x)=38 + sin? x.

Haiinume RaMMeHBHIHI NOJIOMUTENLHBIN HEPHOJ KaXmOH u3
dbyaRIHE (64—65).

64.8 a) y =% sin ;5; 6) y=38 tg 1,5x;
B) y = 4 cos 2x; r)y=5tg§.
65. @ a) y = sin x cos x; 6) y = sin x sin 4x — cos x cos 4x;
B) y = sin? x — cos? x; r) y = sin 3x cos x + cos 3x sin x.
AY AY
T
2
x T 0 T x
2 2
6)
AY 1 Yy
T T
2 2
T 0 T x T 0 T x
2 2 2 2
_T
2
B) r)
Puc. 38
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66.— Ha pucyuke 38, a—z msobpaxkena uactn rpadmuxa pyHruuH,

67.—

69.—

70.—

71.

72.

SRy

umetomeit mepuon I'. Ilocrpoiite rpadur »To¥l PyHKOuUH Ha
npomexyrke [-1,6T; 2,56T].

Haiigure HaMMeHBIINHA MONOKHUTENLHEIH mepuoj M mMoCcTpoiite
rpabur QyHEIHHU:

a) y =sin 2x; 6) y = cos ’?f
B) y=tg§; r) y = sin 1,5z.

aa ¢yexknuu [ yYeHHMK NPOBEPHJ CIPaBEAJHBOCTb ABYX pa-
BEHCTB H cheJsiat BbiBoJ, uto T siBaserca mepuogoMm f. Ilpas an
VUEeHHK, €CJIH:

a) f(x) =sin x, sin

6) f (x) = cos x, cos-g—=0, cos(§+n)=0, T =m;

x+1, eccim x <1,

B) f(x)={

3-x, ecim x > 1,
f(-%):O,s, f(—-21—+3)=0,5, T=3;
0 f)=x+|x|, f(-4)=0, f(-4+3)=0, T =32

Kakue M3 yKasaHHBEIX HHMKE (QYHKOHH ABIAIOTCA YETHHIMH,
KaKHe — HedeTHBIMH, a KaKue He ABJIAIOTCA HM YeTHBEIMHK, HH
HeueTHBIMH (69—T0)?

. x

a) y =sin x + ctg x — x; 6) y=— |_|___,

sin x cos x

. tgx-ctgx

B) y = x* + tg? x + x sin x; r) y=-¢ .|x|g
sinx x + sinx
a =2 6 = - -
Vv B-1 ) x—sinx
1 x? x+tgx
B) y=——; r y=— —.
1-x X COos x

Hoxaxure, 4To JaHHAS QPYHKIUA ABJISAECTCHA UYETHOH MM HeYer-
HOU, u mocTpoiite ee rpaduk:

1 1
a) y=—; 6) y=—-.
Y y=—; Yv=73

Dyeruuu f 1 § oupeesiedsl HA MHOYKECTBE BCEX AEHCTBUTEND-

HEIX qpcena. fABasgercsa au QyHKIUA A 9eTHON WM HEYETHOH,
ecJan:

a) h(x)="f(x) g% (x), f — deTHas GYHKIUA, § — HeUETHAaH;
6) h(x)=f(x)-g(x), f u § — derHsie QYHKI UMY,

B) h(x)=f(x)+ g(x), f u § — HeuerTHble QYHKIHU;

r) h{x)=f(x)g(x), f n g — HeuyeTHBIe QPYHRINU?
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73.— Haiigure HauMeHbIINI DOJOKHUTENBLHBIN mepuoy GyHKIAU;
a) y = sin? x; 6) y = tg x ctg x;

2
B) y = sin? x - cos? x; r) y=(s'1n§+cos§) .
74.— IlocrpoiiTe rpapurk QYHKIUM:
a) y=1-cos 1,5x; 6) y :sin(Zx——g—);
& =2 i E; = _r .
B) ¥ +s1n2 Ny tg(Zx 6)

Hokaskure, uro ecnu GyHKOuA y = f (x) mepmoguyeckas, TO
u pyERIHMA Yy = kf (x) + b mepmogmueckas.
HJoxa)xure, uTo uHeaO 2 He SABIAESTCS IIEPUOJAOM (PYHKITHH:

a) y=x2-8; 6) y=cosx; B) y=3x-5; r) y=|x

.

5. Bo3pactaHue u ybbiBaHue (YHKUMA.
AKcTpeMyMmbl

1. Bospactanne u yOoiBanue ¢yHKnui, Bnr y)xe 3Ha-
KOMEI ¢ TIOHATHEM BoapacTamouieil u yGmiBalomeit dyuxuuii. Tax, Ha
pucyHke 39 msobpakeH rpaduk GYHKIIMA, ONpeleNieHHON HA OTpe3Ke
[-1; 10]. 9ra byErmUA Bo3pacTaeT Ha orpeskax [-1; 3] u [4; 5], yOuI-
Baer Ha orpeskax [3; 4] u [5; 10]. UseectrO, uTo hyurnusa y = x2 youI-
BaeT Ha mpomexyTre (—oo; 0] m BoapacTaer Ha HmpoMexkyTke [0; oco).
I'paduxk 3TOl OYyHKIMK IPU M3MEHEHHH X OT —00 J[0 OO CHAYaja «OIyc-
KaeTcAa» N0 HyJA (3HaueHHe GyHKOUM B Touke ( paBHO HYJIO), a 3aTeM
«mogHmIMaeTcA» A0 OeckoHeuHOcTH (CcM. puc. 20).

OnpepeneHue. Odyakuus f éosapacmaem Ha MHO-
skecTBe P, ecau nuaa no6GeIX X; M X, M3 MHOMKECT-
Ba P, Ttakmx, 4ro x, > x,, BBINOJHEHO HEPABEHCTBO

f (x9) > [ ().

Onpepenernvne. ®ysxkuna f ybsieaem HA MHO-
mectBe P, ecam ana mo6BIX x; M X, W3 MHOWKECT-

Ba P, Takux, 4TO0 X5 > X,, BBHINOJHEHO HEPABEHCTBO

f(x) <f(x)).

Wuarimu caoBamu, ¢pyHKUuS [ HasbIBaeTcsa BoO3pacTamwlneili Ha
MHOKecTBe P, ecjim GOJIBIIEMY 3HAUEHHIO apryMeHTa H3 9TOT0 MHOMKE-
CTBa COOTBETCTBYyeT Oosblllee 3HauveHHe GpyHKIun. OPyHKUuA [ HasbIBa-
etca yOmBalomei Ha MHOKecTBe P, ecau GonblreMy 3HAYEHUIO apry-
MEHT8 COOTBETCTBYET MEHLINEe 3HAUeHHe PYHKIUH.
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. Ilpumep 1. Joxawxem, uro 7 1]
dvukoua f (x) = x* (n € N) npu He-
YeTHOM 71 BO3pacTaeT Ha Bceill umC-

JOBOH IPAMOH, a NpPH YeTHOM I | h¥
dyakmua f (x) = x” BospacTaeT Ha /
npomexkyTke [0; co) um yOnIBaeT Ha 1. / 4

npoMexyTire (—oo; 0].
HokaxeM cHavaia, 4TO (MYyHK- :
onaA f (x) = x" BospacTaeT Ha Ipome-
skyTKe [0; o) mpu jaio6oM HaTypanb-
HoM n. Ilyers x, > x; > 0. Toraa mo Puc. 39
cBoficTRy cTemeHum xj > x/'. Temeps
paccMoTpUM cay4dall  dUeTHOro ni.
IIycers x, < x, < 0, Toraa ~x, > -x, 20 u (-x,)" > (-x,)* > 0, T. e.
x> x;. Tem cameIM goKaadaHO, uTo QyHRNUA [ (x) = x" yOGrIBaeT Ha
(—co; 0] opu uyerHoM n. Ocrajioch paccMOTpeThH cjayd4aili HEYETHOTO n.
Ecnu x, <O <xp Tox{! <0< xJ. Bemmx; <x,<0,T0~%, > ~%, 2 0
u moromMy (~x,)* > (-x,)* =20, T.e. —x!'>-x}, oTKy#a cnexayer,
yro xJ > x{. WTak, MOKa3aHO, 4TO JJf HEUeTHOTO 1 M3 HepaBeHCT-
Ba X, > X, cjlelyeT HepaBeHCTBO xj > xJ'. CoriacHo onpeneseHHIO

dyHrnua f (x) = x" OIpH HEUETHOM 7N BO3PACTAET Ha BCEl UMCJIOBOM
IPSIMOH.

IIpumep 2. Jokaxem, uro eciu dyHKnuA y = f (x) Boapacra-
eT Ha MHOXecTBe P, To pysknus y = —f (x) yorIBaeT Ha MHOXMcecTBe P.
IIycre x, u x, — n100ble ABa uUMcA& M3 MHOMecTBa P, Takue, 4ro
Xy > x;. Hamo moxasats, uto —f (x,) < —f (x,), T. e. f (x;) < (xy). Ho
3TO — OYEBHUAHOE CJICACTBHE YCIOBHA: [ BO3pacTaeT Ha MHOXKecTBe P.

Ilpumep 3. ®yuruusa f (x) =i yObpIBaeT Ha KaKIOM M3 IIDO-

MeXYTKOB (—oc; 0) u (0; oo) (moKaxuTe caMocToaTeIbHO0). OnHaKO 3Ta
dyHEKUUA He ABAfAeTcH YOBIBaiomeil Ha 00beAMNHEHUHA 3THX IIPOMEKYT-
koB. Hanpuwmep, 1 > -1, mo f (1) > f (-1).

IIpu ncenenoanum ¢yHKIMil Ha BO3pacTaHHe W yOLIBAHUE IIPH-
HATO YKa3bIBATh OPOMEKYTKHU BO3PACTAHUS U YOLIBAHMA MAKCUMANh-
HOH JITWHBI, BKJIOUAS KOHIIHI (€CaM, KOHEUHO, OHM BXOAAT B TH IPO-

mexyTru). Tak, MOKHO OBLIO CKa3aTh, 4TO QYHKUHA [ (x) = 1 yOBI-
x

Baer Ha orpeske [2; 100]. 310 BepHO, HO TaKOil OTBET HEIOIOH.
3aMevauwue, /1A YeTHRIX M HEUeTHHIX (DYHKIUMH 3agada Ha-
XOXKAEHUA IIPOMEXKYTKOB BO3pDACTAHUA U YOBIBAHWMSA HECKOJIBKO YIIPO-

maeTcsi: JOCTATOYHO HANTH 3TH npoMeskyTku npu x 2 0 (puc. 40).
IIyers, nmampumep, QymrInua f ueTHA M BO3pacTaer Ha IpoMe-

xyTke [a; b], rae b > a > 0, Joxaxem, 4To sta PyHKIUA yObIBAET Ha
npomexyTtke [-b; —a).
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b -a 0 a b

a)
Puc. 40

HelcTBUTENbHO, IYCTb —@ > X, > X; > —b. Toraa f (-x,) = f (x,),
f (~x,) = f (x;), upuuem a < —x, < —x,; < b, ¥ mockoJAbKYy f BO3pacraer
Ha [a; b], umeem [ (—x,) > f (—x,), T. e. f (x)) > f (x,).

2. Bospacramue M yObhIBaHHe TPMIrOHOMETPHUYECKHMX (QYHKIHMA.
HoxaxeM cHayajJa, UYTO CHHYC BO3DACTAET HA IPOMEXYTKax

[—12‘— +27n; §+ Znn], n € Z. B cuiy nmepMoiMYHOCTH CHMHyCa HOKasa-

TeJIBCTBO HJOCTATOYHO HPOBECTH OJA OTPEe3Ka [:-'%; g—] I'ch'rb Xy > X4

IIpumerasa GopMysy pasHOCTH CHUHYCOB, HaXOZHM:

. . Xyt Xy . Xy -x
sinx, —sinx, = 2 cos —1~~:2—2 sin 2—21 (1)

Xog — X
N3 HepaBeHcTBa - <x, <X, < cienyer, uro 0 <22 "1 ¢
2 1 2 2

r
2

[\

X1 + X
R Fit¥ _n
2 2 2

Xy + X . Xo =X
TloaroMy cos1—22— >0, 51n2—2~ ! 50. WUa (1) BeITekaer, uro

pasHocTb sin x, — sin x; nonoxdTensHa, T. €. sin x, > sin x,. Tem ca-
MBIM ZOKa3aHO, 4TO CHHYC BO3PACTAeT HA YKa3aHHEIX IIPOMEKYTKaX.

AHajOrMYHO JOKA3BIBAETCS, UTO IPOMEXYTHKM [g+2nn; —3;- +2nn |,

n € Z, ABIAIOTCA IPOMEXYTKaMH yObIBaEHA CHUHYCA.
3aMeTuM, 4TO MOJIYYEHHBIH DEe3yJLTaT JIETKO IPOHJIIIOCTPHDO-

BATbL C IOMOINbI0 €SMHHYHOH OKPYKHOCTH: €CJIH —g <t;<ty < 12[~, TO

TOYKAa Pt2 MMeeT, eCTeCTBeHHO, OPAMHATY, OOJIBIIYI0O, YEM OpAWHATA
n 3n
TOYKH Pt1 (puc. 41, a). Ecan 3 <t;<t, <?, TO OPAMHATA TOUKH Pt2

MEHbIE OPAHUHATHI TOUKH Ptl (puc. 41, 6).
TIpomMexyTkaMu BO3pacTAHWS KOCHHYCA SABAAIOTCA OTPE3KH
[-m + 27n; 2nn], roe n € Z, a NMPOMeXYTKAMH YORIBAHHUS — OTPE3KH
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U Ptl
0 x 0 x
Pt2 Yo
a) 6)

Puec. 41

[2nn; mt + 2rn], rae n € Z. [Joka3aTenbCTBO MOMKHO HPOBECTH MPUMeEp-
HO TAK ’Ke, KaK ¥ B cjiyuae cunyca. IIpoie ke BOCIOAb30BATLCA (OP-

MYJION [pHBEAEeHHs coS X — Sin (x + g) W3 nee cpasy ciaeayer, HAIPH-

Mep, 4YTO INPOMEXYTKaMM BO3pacTaHXMfd KOCHHYyca ABJAAKTCA IPpOME-

JHYTKH, IOJYy4YeHHbIE M3 IIPOMEXXYTKOB BO3pacTaHHA CHHyCa CABHTOM

HA g BJEBO.

,HoxaxceM, qTo (I)YHKI.I,I/I.FI TAHTEeHC BO3pacraeT Ha IIPOMEXYTKAaX

[—g + nn; g +nn |, rae n € Z. B cuny neproAAYHOCTH TaHIreHCa JOKAa-

3aTeJbCTBO LOCTATOYHO IPOBECTH AJA HHTEpBaJa (-g; g)
Ilyets x; u x, — TpOU3BOJIBHBIE WHCTA U3 HTOT0 WHTEpBana,
TaKume, 4TO X, > x,. Hago poxasaTh, uto tg x,>tg x,. Mmeem

sin x, sinx sinx, cos x; ~sinx; cos x sin{xy, —x4)
tgx, —tgx, = - L= 2.7m 1 T2 .2l

COS Xy Cos X COS Xy COS Xy COS Xy COS8 Xg

Ilo TpeANONOMKEHMI0 -~ <X, <X, <. IlosTomy cos x, >0,
5 <X <¥p <5 1

cos X, > 0. A rak KaK 0 <x,—x, <7, TOo m 8in (x, - x,) > 0. Cneno-
BaTeaLHO, tgx, —tgx; >0, 1. e. tg x, > tg x,, uro u TpebosamochL NO-
KasaTh.

AHaloruuso ZoKasbkIBaeTcs, uTo ctg yObiBaeT Ha IpoMeKYTKax
(tn; m+wn), rae n € Z.

3. Ixcrpemymsl. Ilpu mccaegoBanmy mopeJeHUA GYHKIHYN BOJIN-
34 HEKOTOPOM TOYKH YAOOHO MOJB3OBATHCA MOHATHEM OKPECTHOCTH.
OkpecmHocmblo modky a HaswblBaeTca JI000M MHTepBaJ, cofepKaluii
ary Touky. Hanpumep, unrepsasn (2; 6) — ogHa u3 OKpPeCTHOCTEH TOY-
ku 3, nHTepBan (-3,3; —2,7) — OKpPEeCTHOCTHL TOYKH —3.

HWsyuas rpadmr pucyHKa 39, MOMKHO TPHUHATH K BBIBOAY, HTO
HauboJiee «3aMETHBIMH» TOUKAMM OOJACTH ONpe/ieIeHUs SBASIOTCH
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TAKHWEe TOUYKHW X, B KOTOPBIX BOo3pacTanue GYHKIUM CMeHSeTcHd YObI-
BagueM (Touku 3 ¥ 5) uam, Haobopor, yORIBaHUE CMEHAETCA BO3pAacTa-
HreM (Touka 4). OTH TOUKH HA3LIBAIOT COOTBETCTBEHHO MOYKAMU MAK-

cumyma (x,, =3 u x,, =5 u munumyma (x_ = 4).

IIpy mocTpoenuy rpadMKOB KOHKPEeTHHIX GYHKHUNE DOJE3HO
OpeABapUTeJLHO HAWTH Takme Touku. Hanpumep, gna dyHKpuH sin
3TO TOUKHM BHJA 1125+21m, n e Z. BospMeM AJaa oOnpeneeHHOCTH

min

xg =§. Jra TOYKA ABJAETCA [IPABHIM KOHIOM IIPOMEXYTKa BO3pacra-
HHMS cHHyca, W mostoMy 1 =sin x; > sin x, ecau —123 x< —2’5 Kpome
TOIO, X = g — JIeBBIA KOHEH IIPOMeKYyTKa yORIBaHNA, U, CJeJ0oBaTe/lb-

Ho, 8in x < sin x, mpu * < x < %E Hraxk, sing > sinx paa goboro x

2
n., 3n

(x # x;), TeXKaIEro B OKPeCTHOCTH (_E; —2——) TOURE Xg = -, ¥ HODTOMY

T
2
xg =g — TOYKA MaKcuMyMa QYHKIUU CHHYC.

B rouke —g, Haobopor, yOsIBaHNEe QYHKIIUH MeHAeTCHA Ha BO3pa-

craHue (c1esa OT —% dyuruua yéuiBaeT, a copaBa BospacTaer). AHamo-

I'HYHO OAA JIo00TO X U3 HEKOTOPOH OKPECTHOCTH TOUKH —g (x = xy)

umMeeM sin x > sin (—g) =-1, ® nosromy —g — TOYKAa MHUHHMYMa

dyEkmun cuayc. Jaaum TOYHBIE ONpejesieHMs TOUEK 3SKCTpeMyMa.

OnpepneneHue. Touka x, HasplBaeTCaA MOLKOYU
munumyma Qynxyuu f, ecIu nJA BCEX X M3 HEKO-
TOPOH OKPECTHOCTH X, BBHINOJHEHO HEPABEHCTBO

[ (®) 2 f (x0) (puc. 42).

Y ﬂ} y ﬂn
———— /-
f (xg)
fxg)
0 X A?c 0 Xq i
a) 6)
Puc. 42
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L)'
1 (xg)
-
0 %o )
a)
Puc. 43

YA
f (x0)

6)

[ (x) <f(xg) (puc. 43).

TOpPOoil OKPeCTHOCTH X,

OnpepeneHue. Touxka x, HA3BIBAETCA MOUKOL
makcumyma @ynryuu f, ecan HaA BCex X H3 HeEKo-
BBINOJIHEHO HEPABEHCTRBO

ITo onpeneneHuro sHaueHue MYHKIHKA [ B TOUKe MaKCHMyMa X,
ABasercd HaubONLIIUM cpeJu 3HAYeHW QYHKOIMM U3 HEKOTOPOH
OKPEeCTHOCTHM 3TOHl TOUKM, II03TOMY rpaduKk (DYHKIUHM B OKDECTHO-
CTH X,, KaK IIPaBUJO0, MMeeT BHJ TIafKoro «xoama» (puc. 43, a
H puc. 44 — TOUKM X,, X,, Xg) WIH 3a0CTPEHHOI0 «OHMKa» (puc. 43, 0).
B OKpDeCTHOCTH TOYKM MHHHMyMa rpaduKH, Kak npaBujo, nsobpa-

JAIOTCAd B BUJAE ¢«BIAAAHBI», TOMKE
unm  riaagkod  (pmc. 42, 6 — TOY-
Ka x,, puc. 44 — TOYKH X,, xy), nian
3a0cTpeHHO (puc. 42, 4 — ToOUKa X,
u puc. 44 — TOUKa Xg).

Hpyrue nDpuMeps NOBeAEHUS
rpadukoB GyHKIHHE B TOUKAX MaKCH-
MyMa HJI¥ MHHHEMYMAa DPUBEIEHBLI HA
pucyuakax 45 (@ — TOUKa MaKCHMY-
Ma), 46 (a — rouxa MEHUMYMa) u 47
(3mecs Ka)Aasdg TOYKA IIDOMEXKYTKA

ya

" olx; x, x, xg %3 x4 x
(-1; 0) aBnfAeTca KaKk TOYKOH MUHU-
MyMa, TAK U TOUKOM MaKCHMyMa). Puc. 44
yA UA L
Nt >
— —> 0 x
a
7 0 a x ﬂ/ x
Puc. 45 Puc. 46 Puc. 47
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Jinsa Touek MaKCHMyMa M MHHUMyMa GyHKIMN HpUHATO obmlee
HasBaHWE — HMX HA3BLIBAIOT MOYKAMU IKcmpemyma. 3HadueHUe GyHK-
UMY B 3THX TOYKAX HA3EIBAIOT COOTBETCTBEHHO MAKCUMYMAMYU ¥ MUHU-
mymanu GyExknuu (obmee nHazBaHue — sxcmpemym Ppynryuu). Toukn
MakcuMyMa 0GO3HAYaloT X,.., 8 TOUKH MHUEMMyMa X_ .. SHaYeHHA
dyHKOUE B 9THX TOYKax 0003HATAIOTCA COOTBETCTBEHHO Yy, . H Y. . .

YnpaxHeHus
77.— na dysxknnii, rpaduKy KOTOPLIX W306pakKeHh! HAa DHCYH-
Ke 48, a—e2, Haiigure:
a) IIPOMEXKYTKH BO3pacTaHHA KU yObIBaHMA QYHKINH;
6) TOYUKHM MaKCHMyMa H MHHUMyMa (QYHKIIUH;
B) 9KCTPEeMYMH (QYHKIHMH.

Haueprure acxkua rpaduka dyaxkoun [ (78—80).

78.-@ a) f BospacTraer Ha DPOMEXYyTKe (—oo; 2] u yOniBaeT Ha IpoMe-
KYTKe [2; 00);
6) f Bospacraer Ha mpoMmexyTkax (—oo; 2] u [0; 3], yOriBaeT
Ha npomexyTkax [-2; 0] u [3; ool;
B) [ ybOnlBaer Ha mpoMmexyTKax (—oo; 1] u [4; oo), BospacTaer
Ha npomexkytke [1; 4].

Y !
4 N 5
3
] \
y ALV \
> —f \ >
H |- -9 0 8 N7 Ix -6 [-4 \| f0 ] x
13 T
a) 6)
4
3 J
9 \ [
\
\ .
— <= 2 0 x — -2 10 4 6 x
+ 2
i g
B) r)
Puc. 48
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79.— 8) X0 =8, Xy, =4, F(-8) =5, {(4) =-b;

6) Xmin = -2, X in = 2, Xmax = 0,
[(-2)=f(2)=-3, 1 (0)=2;
B) X, =9, X, = 2,
F5)=1, f(2)=6;
r) X max = -4, Lmax = 3, X in = -1,
f(-4)=5, f(8)=2, f(-1)=-2.
80.— a) f — uerHaa byHxousa, x =-3, x_. =0,

max

f(=3)=4, f(0)=0;

- 0) f — meuerHas QyHRUHA, X, .. =2, x,, =5,

L f(2)=3, f(5) = 4

& B) f — yeTHasn QYHKUHUA, Xnin — 4, Linax = o,
f4)=-2, f(0)=2;

% 1) [ — meuernas QyHKOmMA, X = -4, x_ . =-1,

. (-4)=-3, f(-1) = 1.
81.-%4 oxaxmure, 4To QyHKNUA Yy = kx + b:
a) BospacraeT Ha MHo)XecTBe R mpu k > 0;
| 6) y6oiBaeT ma MHOkecTBe R mpu k < 0,

Haiinure npoMe:XyTKU BO3PACTAHMSA M yObhIBaHuUA, TOUKH MAaK-
CHMyMa ¥ TOUKM MUHHMYMa (PYHKIIUM, ee MAKCHMYMBI U MU-
HEMYMEL (82-—85).

6) y=(x+2)*+1;

82. 8 a) y = -x2+6x - 8;
B) y = x% - 4x;
__3 ,
83. 8 a) y=-"5
L
B) ¥ x+3’

84.f a) y=8sinx - 1;
B) y=2cos x + 1;

85. 8 a) y=1+ 2 tg x;

r) y=(x-3)%
6) y=-(x + 3)%

r) y=(x - 47

0) y=-2cosx+1;
r) y=0,5sin x - 1,5,
6) y=sin x + 1;

B) y = —tg x; ry y=cosx — 1,
86.- @ CpasHuUTe uyucJja:
3n 27 . bn i (T
a) cos = M cos =" 5] n-- A sin —;
) 7 9 ) sin = 8
9n 61 s 4n i 3T
tg = b e ==.
B) tg 7 u tg 5 r) sin 9 A sin 3

87.8 PacnoyoxkuTe 4yucJa B NMOPALKE BO3PACTAHUSA:
a) sin 3,2, sin 3,8, sin 1,3;
6) cos 0,9, cos 1,9, cos 1,3;
B) tg 0,5, tg 1,4, tg (-0,3);

r) sin 1,2, sin (-1,2), sin 0,8.
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Haiizure npomMexyTxu Bo3pacTaHus U yObIBAHWUSA, TOYKH BKCT-
peMyMa 7 sxcrpemymsl dyaxnuu (88—89).

88.— a)y=(—x_1—2)?+1; 6) y=4|x|-
)y—(_;+11)3 -2; r)y=x*-2{x|
89.— a) y:cos(x+§]; 6) y:l—sin( g]
B) y=sin(x+§); r) y= 2+cos(x—£).
90.—~ Pacmososxure yHcja B NOPALKE BO3DACTAHMA:
a) cos g%t—, sin 55—”, cos 595, cos(—%’i);
6) tg( 7) tg3n 15n tg( 16)
. ) ctg 28 2, ctg 127, tg OF, ctg IT;
L 1) sin(——i—g—), cos1234", sin ZZ’ sin 1(7;"

% [oxaxkure, 94To PYHKIUSA:

' a) f(x)=x!+ 3x BoapacTaer Ha [0; co);

6) f (x) = —x3 - 2x y6mBaeT Ha R;

¥ B) f(x)=x%-0,5 yornBaer ma (—oo; 0];

r) f (x) = x® + 1,5x Bospacraer Ha R.

Jorkaxure cireyoiiue yTBepXACHHA:

a) ecmn f — uvernas GYHKOUA, X, — TOYKAa MaKCHMyMa,
TO —X, ABAAETCH TOYKOH MaKCHUMyMa;

0) ecru [ — HeueTHaa GYHKIMS M Ha HNpoMexyTke [a; b] oHa
y6hIBaeT, TO U HA OTpoMeXyTKe [-b; —a] byAkuus f yorBaer;

B) ecid [ — HeueTHas QYHKOMA, X, — TOYKA MHHAMYyMa,
TO —X, SIBAAETCH TOUKOH MaKCHMyMa;

r) ecau [ — yeTHadA GYHKIMUA M Ha NpoMexyTke [a; b] dyuk-
oud Bo3pacraeT, TO HA mpoMexyTke [-b; —a] ona yOmiBaer.

6. UccnepoBanne cyHKUUN

1. Tloerpoenue rpagpuxos pyaxnuii. Pamee BbI cTpomau
rpadpuru GyHKIHHA «I0 TOUKaM». Bo MHOruX ciyuyasix 2TOT MeTOA LaeT
XOpOIIHe pesynbTaThl, eCad, KOHEUHO, OTMETHTH JOCTATOYHO GOJBIIOe
yueao rouek. OaHaKo IpM 5TOM OPHUXOAUTCS COCTABIATE Bosbinde TAb-
JHuNnBI 3HaUeHUN QYHKIMN, a TVIABHOE, MOYKHO HE 3aMETHUTH CYIeCTBeH-
HBIX ocobeHHOCTEH (PYHKIMH M B HTOTe OMIHOUTLCS IPU IOCTPOCHUYH
rpaduka.
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Puc. 49 Puc. 50 Puc. 51

[Ipeanono:kuM, HanpUMep, UTO, BBIUKUCIMB 3HaUYeHHe (QYHKINU
B 15 TOUKAX M OTMeTHB COOTBETCTRBYIOI[ME TOYKH rpaduKa Ha KOOpIHM-
HATHOH IJIOCKOCTH, MEI IPHUMIIK K PHCYHKY 49. EcTeCcTBEeHHO IIpeAno-
JIO¥HTH, YTO 3CKH3 rpaduxa GIM30K K HeNpPepPHIBHOH KPHBOH, IPOXO-
aAanreil yepes Bce aTH TOUKM (puc. 50). OaHako «HacToAmUi» rpadux
(ecTecTBeHHO, MPOXOASAITHI yepe3 BCe 3TH TOUKH) MOKeT GBITH COBEP-
LIEHHO He TMOXO0XX HA 3TOT 3cKH3 (puc. 51—53).

s Toro uToOBl M30exaTh OIHMGOK, HAJO0 HAYYUTHCS BBEISBIATH
XapakTepHble 0CO0eHHOCTH (QYHKITHU, T. €. NIPELBAPUTEILHO IIPOBECTH
ee ucciaegoBanue. Ilycrs, Hanmpumep, o byHKmuM [ HaM H3BECTHO,
4TO OHA:

— ompemeneHa Ha O00beIWHEHUH NPOMEXKYTKOB (—co; —10),
(=105 10), (10; oo0);

— ofpamaerca B HyJb B Toukax —11 u 0, oTpunaTensHa Ha HH-
TepBasax (—oo; —11), (-10; 0) u moNOKHUTENBLHA HaA WHTEPBaJax
(-11; -10); (0; 10) n (10; co);

— BO3pacTaeT Ha TpoMeRyTrax (—oco; —10), (-10; 10), [12; 15]
u yopipaer Ha npomexyrxax (10; 12]) u [15; o0);

— HMeeT MUHMMYM B Touke 12, mpuuem f (12) = 16, u maxcu-
MyM B Touke 15, npmuem f (15) = 19;

— HaKoOHen, 3HAUeHus [ IpU NpubiM KeHNN 3HAUeHHil apryMeH-
ta K —10 1 10 HeorpaHHUYEHHO BO3PACTAIOT 110 a6COMIOTHON BeJIUUNHE.

OTH CBeJeHUA MO3BOJASAIOT HOHAThH, UTO 5CKU3 rpadhura QYHKOUU
OPUMEpPHO TAKOB, KAKHM OH u300pakeH Ha pHUcCyHKe 53.

¥ AY
| 19
16
_ —11’—10 15 -
0 x 0o 10[12 x
Puc. 52 Puc. 53
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B Paccvmorpum eme oauH npuMep: mccaeayeM (YyHKIHMIO

fx)=—1—.

x2 +1

1) Hailaem obnacts oupemenennsa ¢pynruuu. B ganHom ciayuae
D (f) — Bca uucnoBaa npaMas, NOCKOJLKY 3HaMeHaTenb X2 + 1 He 06-
paijaeTcAa B HYJb.

2) 3ameTuM, 4TOo QYHKIMA [ deTHad: AJA JIOO0Oro Xx

f(-x)=—2L = 11=f(x)-

(-x)2+1 %%+

ITosToMy ZOCTATOYHO HCCIELOBATH (PYHKIMIO M IIOCTPOHTHL €e rpaduk
npu x > 0, 3aTeM ocTaercsa OTPA3HTEL MOCTPOEHHYIO YacTh rpaduxa OT-
HOCHUTEJLHO OCHM OPAWHAT.

3) HaiizeMm TouKu mepeceueHus rpadura f ¢ ocAMH KOOPAMHAT.
Ocy opamuar rpadpux f mepecexaer B Touxre (0; f (0)). 3uauenne f (0)
paBHO 1. Iloaromy rpadmk f mpoxopur uepes toury (0; 1).

Jnsa toro urobel HaiTH TOYKH IepecedeHud rpaduka Qyuxuuu [
¢ ochbI0 abcuuce, Hamo peinuTh ypaBHeHue [ (x) = 0 (ero KOPHH HasbIBa-

=0 He MMeeT KOpHeil. 3Ha-

0T Hyaamu QyHryuu). YpaBHeHHe - 21 N
x2 -
uuT, rpadpur [ He mepecexaeT ock abeiimcc.

4) BoIicCHUM, HA KaKHX NDOMEXYTKAX (QYHKIUA [ IpUHUMA-
eT MOJIOMKUTEIBbHLIE, a Ha KAKWX — OTPHUIlATeJbHBIE 3HAUEHHH; HX
HAa3EIBAIOT NpOMeXYymramu 3HaxonocmosHcmsa ¢pyurxyuu. Hanp sTH-
MH OpOMeRYTKaMu rpadpuK (yHKIUN JeKHUT BEIIIe (COOTBETCTBEH-
HO HMe) ocu abcnmce. B ganHOM ciayuae, IIOCKOJBKY mpH aiobom x
snauenne x2+ 1 mososutedpHo, f (x) > 0 Ha Bceil umcaoBOH mpa-
MOii,

5) CymecTBeHHO 06/Jer4al0T MNOCTpOeHHEe TrpaduKa CBeJeHHA
0 TOM, Ha KAKWX TIPOMEXKYTKaX (QYHKIUA BO3pacTaeT HJIH yOLIBaeT
(pT¥ IPOMEKYTKH HASBIBAIOT NPOMENYMKIAMU 603PACMAHUAL UIAH [Obi-
eanun Gyaknunm)., JoxakeM, 4TO AJA paccMaTpuBaeMoil GyHKIIUHM
NPOMEXKYTOK BO3pacTaHusa — 3To (—co; 0], a nIpoMexyTOK yOLIBa-
Hua — [0; o0).

IIycTte x; u x;, — xBa 3HaYeHMA U3 IpoMexyTKa [0; o), mpuyem
Xy > x,. IIOCKOJIBKY X; U X, IOJOXKHUTEIbHBI, U3 YCIOBUA X, > X, ClIe-

) 1 1

nyer xZ>x?, x2+1>x2+1 u, HawoHem, —— <-.—-. MHraK,

2 2,
x2+1 x3 -1

f(xy) <f(x)), 7. e. dbynxuua f y6riBaer wa mpomexyTxe {0; co).

Ha mpomemxyTrre (—oo; 0] byukuua f Bospacrtaer. JlokasaTelnCT-
BO INIPOBOAMTCA AHAJOTMUYHO (MOMMHO TaKsKe BOCIIOJL30BATHCA YETHO-
CThI0 JaHHOM MyHKIMHM).

6) Haiizem sHauennsa GyHKLMH B TOYKAX, B KOTOPHIX BO3pacTa-
HUe cMeHsderTcA yObiBaHMeM HJHM HaoGopor. B Hamem caydae umeercs
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Ya YA

Puc. 54 Puec. 55

JAIObL OJHA TOYKa, NPUHAJEKAIlad ONHOBPEMEHHO M MPOMEXYTKY
BO3pAcTaHUA, M IIPOMEXYTKY yOmrIBaHHMSA,— 3T0 Touka 0. Touxa 0 —

TOYKa MaxKcmmMyMma pyHxnmu f (x) = 21 1; F(0)=1.
x% +

7) 3amerum, HaKOHEIl, UTO IPYU HEOIPAHWUEHHOM yBeJIUYCHHH X
sHavyeHue x? + 1 HeorpaHWMYEeHHO BO3PAacTaeT, a4 IIOTOMY 3HadeHHS

f(x)= 21 1 (ocTaBasichk IOJOMKHUTEIBHEIMH) OPUOJAMMKAIOTCA K HYJIO.
x% +
IlonyueHHBIX B XOHe HCCAeNOBAHMUS CBOICTE (PYHKIUK
f(x)= 21 1 JOCTATOYHO AJA MOCTPOEHHA ee rpaduxa.
x%+

Ioctpoum Ttouxky rpaduxa (0; 1). Msr ycravoBunu, dUTO
[0; c0) — mpomexyTok yOrIBamua GysKumu f. IloaToMy IpaBee TOUKK
¢ abcuuccoit 0 rpaduK pucyeM B BHIe KpuBOii, KOTOpPaA «HAET BHH3»
(puc. 54). Tax Kak f (x) > O nopu Jd060M x, 3Ta KpUBaA HE MOYKET OITY-
CTHThCA HUXe ocH abcmuce, npuvueM (cM. O. 7 BCCOeIOBAHNUA) IPH IPO-
HOJIXKeHUH BIpaBo rpaduK HeoTrpaHNUYE€HHO NpHOIMXKaeTca K ocu abc-
nuce. Ocraercss BOCIONB30BATLCA YETHOCTHIO (PYHRIUH f: rpadpux [
TnoJy4aeM, OTPA3SHE HOCTPOEHRYIO AnA X 2 (0 KPUBYIO CHMMETPUYHO OT-
HOCHTEJBLHO ocu opamHAT (puc. 55).

2. Cxema mcciaemoBauma PyExumii. Ilpu umccaezoBanum GYyHK-
ouii Ml 6yJeM NpHIEeDKHUBATLCA OMMCAHHONM cxeMbl. B o6miem ciayuae
HCCcAe0BaHNe MpeXyCMATPHBAET pPellleHHe CJeJVIOU[UX 3a5ad:

1) Haijitu oGracTu ompeiesieHHs W 3HAYEHHH NaHHOH
¢byuxmuu f.

2) Briacuuth, obiazaer Ju PYHKUNA 0COGEeHHOCTAMY,
o6neryaomMi UCCAeZOBaAHNE, T. €. ABJIACTCA JU QYHK-
mua f: a) 4eTHON WIM HedeTHOMH; 6) IepHOgHYEcKOii.
3) BRIUMCINTH KOODAMHATHI TOUEK llepecedeHHA rpadu-
Ka C OCAMH KOOPAHMHAT.

4) HaliTi IPOMEXKYTKH 3HAKOIOCTOAHCTBA GyHKIHH f.
5) BEISCHHTL, H8 KAKHX IIPOMEXYTKAX GyHrnud [ BO3-
pacraer, a Ha KaKHX yOBIBaer.
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6) HaiiTm Toukm sKCcTpeMyMa, Buj 3KCTpeMyMa (Mak-
CHMYM MJH MMHMMYM) U BHEIUHCJIUTH 3HAUYEHUs [ B 9TUX
TOYKax.

7) UccnemoBaTs moBeienne QPyHKINE [ B OKPECTHOCTH
XapaKTepHBIX TOYEK, HE BXOAAINUX B 00JIacTh ompegese-

HUs (HanpuMep, ToukKa x = 0 gna ¢pyERuuu f (x) = 31; ),

u npu 6onbpmINX (II0 MOAYJIO) 3HAUEHMAX apryMeHTa.

Heobxozumo 3amMeTuTh, UTO 3TOT ILJIaH MMeeT IIPHMEPHBIA Xa-
pakTep. Tak, AIA HAXOMJEeHHA TOUEK IepecedeHHs C OChbI0 abcIuce
Hafo penrdTh ypasHeHue f (x) =0, 4ero Mbl He yMeeM [AeJaTh AaKe
B caydae, Korga [ (x), HampuMmep., MHOrodjeH naroi crenedu. (Cyiue-
CTBYIOT, [IpaBXa, METOAbI, KOTODPhbI€ MO3BOJISIOT HAWTH YMCJIO KODHEH
TaKOr0 YPABHEHHA U CAMH KOPHH ¢ Ji060i TouHocThio.) Iloatomy wacro
TOT WM MHOW 3TAll HCCIAENOBAHWA NPUXOAUTCA Omycxarb. QOQHAKO IO
BO3MO2KHOCTH B XOj¢ UCCAeOBaHNA QYHKOUMN KelaTeJbHO IPHIEDPIKHI-
BaTbCA 3TOM CXEMBHI,

HaunGosee TpyaAHBIM 3TalloM HCCJIeJOBAHHUA ABAAETCA, KaK IIpa-
BHJIO, [IOMCK IIPOMEKYTKOB BoadpacTraHusA (yObIBaHHA), TOUEK 3SKCTpE-
Myma. B cirepyoinell riiaBe Bhl IO3HAKOMHUTECh ¢ OOHIMME MeTOLAMH
pelIeHNs 3THX 3aay, OCHOBAHHLIMH Ha IPUMEHEHHH METOZOB MaTeMa-
THUYECKOI0 aHAJIHM3a.

» BepTukainHble IPAMbie, K KOTOPEIM HEOrpDaHHUUYEHHO OpHOIIMKa-
erca rpapur (yuxnpuwm [ (Hanpumep, npamaa x =0 gna GyHRIUU
f(x)= b nu npamele x =% 10 ana rpadpuka dyHEKUNH, H300paKeH-
X
HOTO Ha PHCYHKe 53), HA3bIBAIOT G8EPMUKAAbHLIMU ACUMNMOMAMU.
Yamie Bcero rpabhur ummeeT BEePTHUKAJLHYIO ACHMITOTY X = &

B CJyYae, ecJH BLIpa)KeHWe, 3aJailnee JAHHYI0 QYHKIINIO, HMEET BUJL
Apobu, 3HaMeHATeabL KOTOPOH obpariaercss B HYJb B TOUKEe 4, 8 UUCIAU-

Tenb Her., Haunpumep, rpadbunk dyaruun f (x) = 1 ymeer BEePTUKAJIb-
x

Hywo acumnToTy x = 0. [Ina rpaduka dyErnuu f (x) = tg x Beprukaab-
HBIMH aCHMIITOTaAMH ABJJIAITCA IPAMbBIC X = g +nn, vTAe n € Z.

Ecam rpadunx GyHKOUMU HeOrpaHWYEeHHO NPHOIHMIKAETCA K He-

KOTOpO# ropm3oHTaJbHOH (B cayuae GyHKIHE f (x) = - 21-~i 3TO NpH-
x“ +
Maf y = 0, cm. puc. 55) Mnu HAKJIOHHOHN (mpsiMasg Y = X a8 rpadura
¢yarkmun f(x) =x+ l, cM. puc. 32) npsamMo#i npu HEOrpaHWYEHHOM
X

BO3pACTAHMH (II0 MOAYJIO) X, TO TAKYI0 NPAMYI Ha3bIBAKT ZOPUIOH-
maavhoil (COOTBETCTBEHHO HAKJAOHMHOL) acumnmomoil.

3. «Urenue» rpacduror. B GonbimmHcTBe pazobpaHHBIX BBIIIE
IpUMepPoOB W 3aJaU Ha MOCTpOeHue rpauKoB (YHKIMHA BBl BCTpe-
YaJHCh ¢ TakoM cuTyaunuei: MyHKIHA 3agaHa ¢opMmysoit, Tpebyercs
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HCCIEeAOBATE ee cBolicTBa M nocrpoutTh rpadux f. Ilpeacrasiasier sua-
YHTENLHBIN OPaKTHYEeCKHH WHTEpec Apyras 3ajava: sagaH rpapux f,
C MOMOILI0 KOTOPOTO TpebyeTcs II€peuucHNTE OCHOBHLIE CBOHCTBA
aroil QpyHKIHU.

IlozoOHEIEe 3afaud 4ACTO PELHAIOTCA B XOJ€ 3KCIEePHMEHTAJILHBIX
uccaexoBaumii. IlocTpoenne rpadKoB IPH 5TOM OCYIECTBJAAECTCH pas-
HBIMH MeTojaMu. Hampumep, IO TouKaM, HAWZEeHHBIM 3JKCIEPUMEH-
TaJbHO. Cymec'rnylo'r TaKXe MHOI'OUNCJEHHbIE HpI/IGOPBI-C&MOHI/ICIJ,bI.
910, HanmpuMep, ocuuynorpadsl, Ha SKpaHAX KOTOPHIX 3JAeKTpPUYECKUe
rosebanna npeobpasyloTca B HarjsifHble rpapryeckue usobparkeHus.
Opyrum npumepoM npubopa, HTO3BOJAIOMIErO TNOAYYUTH HATJIATHOE
rpapmrUeckoe OMHCAHNE, CHYXKHUT KapZuorpad; «mIpoumTHIBAA» TIOXY-
YEHHYI0 C eT0 MOMOIILI0 KapAHOrPAMMY, BPauHM AEJAIOT BLIBOABL O CO-
CTOAHHU CEPREUHON NeATEeTHHOCTH.

C IOBOJALHO TUIIHYHLIM NPHUMEPOM TPYAHOCTEH, BOSHUKAIOIINX
OpM MCCIAeOBAHUM DEANLHBIX IIPOIECCOB, AJIA ONUCAHUSA KOTOPHIX HET
TOUYHEIX TEOPHUH, Bl MOKETe MO3HAKOMUTLCS, PACCMOTPER PUCYHOK 56.
3nech npuBefeHL Tpad KM cpefHeCyTOUHOTO X0ja TeMmepaTtyp no Mo-
ckoBckoil obxacTu B ¢deBpane 1974 r. Toscroit guHMelt M306pasKeHbI
«TeopeTUUYeCKUe KPUBHE» A u B, QHUKCUDYIOINE pe3yJbTAThI AOJITO-
CPOYHOr0 IPOTHO3a (IIOCKOJBKY IPOrHO3 JaeTcA ¢ TOYHOCTLIO Ao 5°,
KpHBHIX ABe). «Uuras» sror rpadpuk, MBI HaxoAuM, Hanpumep, 4YTO
IIPEANOJIarajliich TPH «BOJHEB X0j04a» (B nepuok ¢ 4 mo 10, ¢ 17 mo 19
u ¢ 23 no 26 deBpans). [Ipegmonaranocs TakxKe OTCYTCTBUE OTTENENEM
H B IejgoM xomogHada (mo —17°... —22°) moroga. OgHako B AeiiCTBUTE/Ib-
Hocth (rpadnk daKkTMyecKOro XoJa TeMIEepaTryp H300pa)keH TOHKOM
auHuel B) Temneparypa Obisia Belme HOpMBbI Ha 5—10° (kIumMaTrHye-
CKasg HOpMa, ABJIAIMIAACA pPesyJbTATOM MHOTOJIETHHX HaOJIoOAeHH#H,
sajgaHa Junuei I'), B mepuof ¢ 4 mo 8 despansa 6bLIO MOTENIEHNE, a HE
OXOJIOfNaHME U T. . JTH M LPYT¥e CBeJeHUs O IIPOTHO3e U PeaTbHOM
KapTHHE BB MOXKETE IIOJIYUYUTDH, «YUTafg» rpaduKH, HpHBEJeHHBIE Ha
pHCYHKe 56.

5t B

0

5 /J
ok : 7\ SA SEARS
-151
-20 | A

2 4 6 8 10 12 14 16 18 20 22 24 26 28
Puc. 56
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YnpaxHeHus

93.— IIpoBeaure mo obmeil cxeme mccaemopanume QYyHKOHUM, 3aJaH-

HO# rpaduroMm (puc. 57).

94.— Iloctpoiite rpadux GyHKuUuM [, €ClaM HM3BECTHBI €€ CBOHCTBa

2 (cM. Tabx. Ha c. 55).

a) f(x)=5 - 2x;
B) f(x)=38x-2;

a) f(x)———

a) f(x)=vx-3;
B) f(x)=+x+1

| IIposexure mo obmieit cxeme MccieZoBaHMe KaxZol us QyHK-
. unii m mocrtpoiite ee rpapuxr (95—99).

6) f(x)=38-2x — x2;
r) f(x)=
6) f(x)=-

xZ - 8x + 2.

(x - 3)%
) f(x)=2x%-1,

6) f(x)=4x — x%
1) f(x)=4-x2

/] 1/ ,
I4
g
——
N \ 2
|
-8 -5 -10 3 5 x -2 0 ' X
N 4 I
I
’ i
a) 6)
[ ]
3
2
PN 1 S
!
-6 -2 0N 21/4 6 g -5 N30l \| 3 /5. 7 [x
4 N / N1/
12
! 13 ]
] |
B) r)
Puc. 57
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CaoitcTBO

S

55 TpuroHoMmerpuueckne (GyHKUUM

byRKIHER 2) 6) B)

ObaacTs onpege-

NeHNA [-6; 6] [-5; 4] [-4; 4] [-5: 3]

O6sacTs 3HaUe-

HUA [-2; 5] [0; 6] [-3; 6] [0; 5]

Touykn nepeceue-

HHA rpatduka:

a) ¢ oceio Ox A (—4; 0), 0 (0; 0) A (—4; 0), A (3; 0)
B (-2; 0) B (-1; 0),

C (2,5; 0)

6) ¢ ocwro Oy C (0; 2,5) D (0; -2) B (0; 4,5)

IIpomexxyTkH

3HAKOIIOCTOSAH-

cTBa:

a) f(x)>0 [-6; ~4), [-5; O), (-4; -1), {-5; 3)
(-2; 6] (0; 4] (2,5; 4]

6) f(x)<0 (—4; -2) — -1; 2,5) —

HpomexyTru:

a) sospacramma | [-3;1], | [-5;-2], | [-4;-2), [-3: 1]
[4; 6] {0; 4] [1; 4]

6) yGriBanus [-6; -3], | [-2;0] -2; 1] [-5; -3],
[1; 4] [1; 3]

Touxn

MaKCHMYyM4,

MaKCHMYM 1,f(H=31-2,f(-2)=|-2,f-2)=|1,fQ) =5

dyHKROUN =2 =

Touxkyx MuHMMYMa, | -3, 0, f®M=0 (1,f()=-3|-8,f(-3)=2

MHHEMYM f(-3)=-2

GyHKIHY 4, f4)=1

HNonmoanutenpurie | f(-6)=3 | f(-5)=0,5 f(4)=6 f(-5)=3

TOUKH Ipaduka f@6)=5 f(4)=6

98.— a) f(x) =x* + 4x%; 6) f(x)=1-+vx+4;
B) f(x)=x%+ x; r) f(x)=+x~-2-2.
4 a) f(x)=x2-2|x|+1; 6) f(x)=%%;
2x+1
B) f(x)=|x| - x% ) ()=




7. CBOUCTBA TPUTOHOMETPUYECKUX (PYHKLMA.
FapmoHuyeckue kKonebaHus

1. Hccaemosanue TpuroHoMerpuiecknx dyuxkumii. Croii-
€TBa M3y4aeMbIX GQYHKIUH yI00HO 3aMHCHIBATH COTJIACHO IIPUBEEHHOM
B OpeJBIAYINEM IYHKTe cxeme. CBegeM y)Ke HM3BECTHBIE BaM CBOiicTBa
OyHEKRINH cHHYC, KOCHHYC, TAHT€HC M KoTraHreHc B Tabaumny. (Bciogy
npenrnonaraeTca, 4to n € Z.)

DyHKIUA

f(x)=sinx f(x)=—cos x fx)=tgx f(x)=ctg x
1.1 R R (—g + "”;“12[‘ + nn) (nn; m + nn)
1.2 [-1; 1] [-1; 1] R R
2.1 Heuernaa Yernasa Heuernaa Heuernaa
2.2 2n 2n T b
3.1 (nn; 0) (g + nn; 0) (nn; 0) (g + mn; 0)
3.2 (0; 0) 0;1) (0; 0) Her
4.1 (2nn; n + 2nn) (—%+2nn;%+2nn) (nn;%+ nn) (nn;%+ nn)
4.2  (-n + 2zn; 270) (1; + 2nn; ?-’25 + 2nn) (—-% + @n; nn) (— % ~ n; Ttﬂ)
5.1 [-%+2nn;%+2nn} [-n + 2rn; 2nn] (—g—+ nn;g+ nn) Her
5.2 [% +2nn; ‘323 + 27[11] {2nn; 7 + 27n] Her (tn; m + nn)
6.1 - 72‘— +27n T+ 21n Her Her
6.2 -1 -1 Her Hert
6.3 % +2nn 2nn Her Her
6.4 1 1 Her Her

B rabnuiie nmpuuATa caeayiouias HyMepalusa CBOHcTB QYHKOUM f:
1.1 — o6nacTh ompeneneHUsd;
1.2 — oGnacTe 3HaYEHU;

2.1 — uyeTHOCTH (HEUETHOCTH);
2.2 — HaMMeHBLIINHN INOJOXKUTENIbHEIN Tepuox;
3.1 — KoOpAMHATHI TOUEK mepeceueHus rpadmuka f ¢ ocevio Ox;
3.2 — KOOpAWMHATE TOUEK IlepeceueHud rpadmra f ¢ ocwio Oy;
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4.1 — OpPOMEMYTKH, HA KOTOPBIX [ NPUHUMAET MOJONKHUTEJLHbIE 3HA-
UCHUA;

OpPOMEKYTKH, HA KOTOPHIX [ NPHHHMAaET OTpHIlaTeJdbHBIE 3HA-
YeHMS;

MIPOMEXKYTKK BOSPACTAHUSA;

TPOMEXKYTKHN YOBIBAHUA;

TOUKH MHHHMYMA;

MHEHUMYMBI GOYHKINWHN;

TOUKH MaKCHUMyMa;

MaKCHMyMbl GYHKIIAN.

-~
bo
|

[

oo,
PR CRH CR

CBolicTBa TPHIOHOMETPHYECKHX (DYHKIUHA YACTO OPUMEHSIOTCH
IIPH pellleHHH 3ajgad.

. IIpumep 1. PacnosokuM B NoOpAAKe BO3pacTaHHA YHCJIA
sin (-1), sin 1, sin 2, sin 3, sin 4.

IMonpsysack popMyaaMu NpuBeAeHUA, 3alUIiIeM 3TH YHCJIA B Ta-
KOM BUAE, 4YTOOBI 3HAYeHUA apryMeHTa NOPUHALJEKAJH OJHOMY Wu3
. w|.

OPOMEKYTKOB BO3pacraHud CHHYyCa — OTPE3Ky |:—2 H 2 .

sin 2 =sin (n — 2), sin 3 = sin (7 — 3), sin 4 = sin (7 - 4).
OueBHUAHO, YTO —g<—1<7t—4<n—3<1<7r—2<1zt-, o-

aroMy sin (-1) < sin (x — 4) < sin (n — 3) < sin 1 < sin (n — 2). Urax,
sin (-1) < sin 4 < 8in 3 < sin 1 < sin 2.

Paccmorpum rpadur ¢pyurmuu [ (x) =2 sin (3x - %’5) (puc. 58).
OH nosyvaeTcda IpUd MOMOINHA CAEAYIOUIEH MOCJef0BaTEIbHOCTH IIPe0ns-
pasoBaBRUI:

a) cykarmeM rpadpuka GyHKIUH y = sin x B 3 pasa BIoJab ocu adc-
nucc mosnydaeMm rpadpuk GysHkmum y = sin 3x (puc. 59);

YA 3n
y=2sin [336 ——]
2 4
| >
0 T Tn | x
4 12
-2

Puc. 58
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y =sin 3x y=sinx

\/g \\w G
-1

6) mepeHocoM rpadmka byHKnu¥M y = sin 3x Ha BEKTOp (—75; 0)

Puc. 59

nonyyaeM rpaduk PyHKIUM y =sin 3 ( x - f), T. . Yy =sin (3x - T)
(puc. 60);

-
8
[y

AN
NUAN VAN VARV,

Puc. 60

B) pacTsKeHHEM rpaduxa y = sin (3x 34") B 2 pasa BIOJEL OCH

OPAWHAT IIOJyuaeM rpabuk GyHxkoum y =2 sin (3x— %) (puc. 61).

y=2sin 3x——
2
-
1 y=sin |3x
i
0
-1
-2

Puc. 61
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IIpx npeobpasoBaHuAX, HIYYEHHRIX B H. 3, «(popMa» KpuBOK
coxpaHdeTcA (Tak Ke KaK NMpPM IBHMKEHHAX H IIpeo0pasoBaHMAX II0-
nobus). TlosToMy cuHYyCOMZOH HA3BIBAIOT He TOJALKO rpadHK CHHYcCA,
HO ¥ J100yi0 KPUBYIO, IOJYUYEHHYIO U3 HEeTro IPH IIOMOIY C3KaTHH (pac-
TSDKEHUHA) BAOJBL OCedl M ImocJeIyIONIWX ABMIKEHU# uam npeobpasoBa-
Huit mozobua. ITO e 3aMeuaHHe CHpaBefJUBO AJA APYIHX KPHUBLIX,
HanmpuMep mapaboJbl UJIH IHIEepOOJIbI.

To ofcroaTeJbCTBO, YTO cBoMcTBa GQyHKOuiA Buza f(x)=
=Asin(kx - b) u f(x)=A cos (kx + b) aHaJIOTUYHBI CBOWCTBAM CH-
Hyca (MAM KOCHHYCAa), IIO3BOJIAET CPAaBHUTEJLHO OBICTPO IIPOBECTH
HCcNeoBaHWe TaKMX (GYHKIHMI: riaBHoe — HalHTH MX IepHOL U TOou-
KH¥, B KOTOpbIX 3HaueHusa paBHEl 0 u + A.

. IIpumep 2. Ucenenyem dyaxuumo f (x) =2 sin(3x-§f) u

MOCTPOUM ee rpaduk.

Ilepuon byuxuum [ paBen 2?" (cm. 1. 4). Cunyc obpamjaercs

B HYJIb B TOYKAxX BUja nn, n € Z, nosromy f (x) = 0 opn 3x—% =nn,

T.e. OpM X = i‘- + %, n € Z. Barem, pemas ypaBHeHus f (x)=-2

" f(x) =2, monyunm sin(3x——3-4£j =-1 nopn 3x—§]z;—c =—§+2nn, oT-

b1 2nn : 3 3n _ &
Kyla x=--+22, neZ; sin|3x-=-=|=1n 3x-2"="+2nn
Y& 1273 & ( 4 ) px 4 g e

OTKVAa x=?—§+2—g”, n € Z. OrMeTdM MOJYYeHHBIE TOYKHM Ha ocH
abermce. JIoCTATOUHO PaccMOTPETh OTPe3OK, AJHMHA KOTODOrO paBHAa
nepuony. B gaHHOM ciiydyae yA0OOHO B3ATH OTDPE3OK [%, %], JeBBIH
KOHeIl KOTOPOTO fABJfAETCA TOYKOH MMu- A
aumyma byurnuu (puc. 62). Hamee pu-
cyem rpadur dyuKuma f, Bo3pacraio- 2

el or -2 70 2 Ha orpeske | " ; QEJ
- A P |:12 12
u y6urBalonieit or 2 go -2 Ha OTpesKe P 3n
[5-“; ﬂ_' I'padux mepeceder ock abdc- 12 4 4 >
12° 4 ) 57 \7n >
I[UCC B TOYKAaX (E; 0) n(y—[; O). dcxus 12 2

4 12

rpadbuka GyHrOEU f Ha Bcell YHCIOBOM
IPAMON HOJYUAETCH u3 rpadyKa pUCyH- —2
Ka 62 casuramu Ha ?-g-{l-, n € Z, BIOIL
ocu abeunce (puc. 58). Puc. 62
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2., I'apmonuueckne koJdebaHuA. BennuuHbl, MeHAOIHUECS CO-
TJIACHO 3aKOHY
f () = A cos (ot + @) (1)
HIIN
f (t) = A sin (ot + @), (2)

UrpaloT BaJKHYIO poib B Gusuke. [lo TakoMy 3aKOHY MeHAETCS KOOD-
JUHATA MapuKa, HojfBeleHHoro Ha npyxute (puc. 149). T'osopar, uro
IIAPUK COBEPIIAeT 2apMOHUYeCKUEe KOLeOaHUS.

dyurmuio (2) Toxe MOMKHO 3anucats B Buae (1):

A sin(mt+(p)=Acos(u)t+<p—125).

IlapameTpH A, ® U ¢, IOJHOCTHIO onpegeasomue Konedbaune (1),
UMEIOT CIelWaJIbHble Ha3BaHWA: A HA3WBAT amnaumydoill wxoJe-
6aHnusn, ® — yukJauuecrkol (UM KPYroBod) uacmomoil xKoaebaHua,
¢ — HayaabHol ga3soii korebarus (06byHO GepyT ¢ € [0; 2r)). Ilepmog

byrrIuit A sin (0t + ¢) 1 A cos (0t + @), paBHBI#’ %OE, HAa3LIBAIOT nepu-

000M 2APMOHUNECKO20 KOJEOAHUA.

Ceoiictea ¢pyHknmit (1) u (2) ygo6HO IPOMINIGCTPHUPOBATL Ha
creayiomeM npumepe us MexaHuku. Ilycts Touka M gBMMKeTCS DABHO-
MEepHO IO OKPYKHOCTH paauyca R =A ¢ yraoBoit cKopocThio @ (TIpu
® > 0 BpameHne DIpPOTHB YACOBOH CTpeJKH, a npu o < 0 — mo yacopoit

D —
CTpeJiKe), IpHYeM B HaYaNBHHIN MOMeHT BpeMeHH ¢t = 0 BekTop OM co-
‘CTAaBAAET YroJl ¢ C IOJIOKHTEeJAbHBEIM HampaBIeHHeM ocu abcuuce
(puc. 63). Paccmorpum ase caegyiomue GyHKINNA OT | — KOOPAHHATEI
npoeKnui ToYKK Ha ocu abciuce 1 opguHat — byHKIuA X (¢) 1 y ().
D —

B MoMeHT BpeMeHH ¢t BeKTOp OM cOCTABIAET ¢ MOJOMKHUTEIBLHBIM

HanpasaeHueM ocu Ox yrox @ (t), mpu atoM ¢ (t) = ¢ + ©f coriacHo sa-
KOHY DaBHOMEPHOTO IBHIKEeHHMA N0 OoKpyxHocTu. [lo ompemesnenmuro
GYHKIUA CHHYC M KOCHHYC

x (1) =A cos ¢ (), T.e. x (1) = A cos (0t + ¢),
y(@)=Asin ¢ (t), T. e. y () = A sin (ot + ¢).

yA Wsyunm cBoiicTBa 3THX GQYHKIHIH,
A onHpasch Ha KHHeMarHdeckKue coolpa-
M_— sxeHus. x nepuos paseH, oueBHUHO, Bpe-
MeHu 7T, 3a KOTOpoe TOYKA COBepIIaeT
4 Jeo® oana obopor. JInuHA OKPYIKHOCTH paBHa
- \ A > 2nA, a JuHeliHad CKOPOCTh U paBHA MA,
0 *  nposTomy
r -2t _2n
v (03]
—A P
ACCMOTPUM OJAUH U3 MOMEHTOB
Puc. 63 BpeMeHM !, B KOTOpLIH Touka M zaHUMA-
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eT kpaiinee mpaBoe nmonoxeHue. Torga x (t,) = A, y (t,) = 0. Haunnasa
Cc aroro MomeHTa BpeMeHH (yHKHuA x (f) 6ygeT momepeMeHHO YOHI-
BaThb OT A 0 —A Ha NepBOil IOJOBHHE IIEPHOJA M BO3PaCTaTh OT —A
Do A Ha BTOpOH NOJOBHHE Nepuoga. IIpu 2TOM TOYKH MaKCHUMyMa
dyurouu x () — 9TO TE MOMEHTHI BPEMeHH, KOTJa TOYKA 3aHMMAET
KpaiiHee NIpaBoe MOJIOJKEHWE; TOYKH MHHAMYMa COOTBETCTBYIOT Kpai-
HEMY JeBOMY IIOJOKEHHIO, a8 HYJH — BEePXHEMY M HIDKHEMY IIOJIOMKE-
HUAM.

AmajorvyHsIMu cBoiicTBamu obnagaer u GyHrmus y (t); ee Tou-
KM MaKCHUMyMa M MHUHUMYMa COOTBETCTBYIOT BEPXHEMY M HIIKHEMY
[IOJOKEHUAM TOUYKH Ha OKDPYKHOCTH, a HYJM — NPaBOMy ¥ JE€BOMY
MO0 EeHUAM,

OrMetuM, uTo Ipu A =1, o =1 u ¢ = 0 dyrroum x (¢) 1 y (¢)
paBHBI COOTBETCTBEeHHO cos{ M sin f. IIpoBephTe CAMOCTOATENABHO,
4TO W3BEeCTHBIE BAM CBOMCTBA 3THX (DYHKIMI JErKo MOAYYUTH, pac-
CMaTpHBasA COOTBETCTBYIOIHIEE MBHIKEHNE TOYKH 10 eIHHUYHOM OKPYIK-
HOCTH,

YrnpaxHeHus

100.— Ilonpaysce cBolicTBaMH TpPHI'OHOMETpHUYECKHX (QYHKIMI, 3a-
MeHHTe BHIpaKeHNE DABHBIM €My 3HaJYeHMeM TOH JKe TPHUTOHO-
MeTPHYeCKol (GYHKIIMN HAMMEHBIIErO MOJOKUTENBHOTO ApTy-

MEHTA:
a) tg 187, sin 287, 6) cos(—l—s—n-), ctg( 8”)
5 3 8 5
B) sin[—ki—@), tg 127, r) cos 2%, ctg 3 35”
5 8 7
101 Haiigure obnacTs onpesesenus u 061acTh 3HaUeHUH QYHKIUU:
a) f(x)=38cos 2x — 1; 6) f(x) =2 - ctg 3x;
B)f(x)=2tg§; r)f(x)=1+0,5sin_;£.
102. % HafigyuTe npoMe)XyTKH 3HAKONOCTOSHCTBA M HYJAM QYHKIIWM:
a) f(x)=-sin3x;  6) f(x)=tg2%;
B) f(x) = cos %; r) f(x) = ctg 2x.
103. HatiauTe IIpoMeXyTKH BOo3pacTaHusd, YORIBAHHA, TOUKHA MAaKCH-
MyMa B MHHuMyMa (QYHKIUN:
a) 7 (x)=4 cos 3x; 6) f (x)=0,5ctg f,
B) f(x)=2tg ;_‘ r) f(x)=0,2 sin 4x.
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104.—
105.

106.

107.

108.

109.—

110.i

WUccnepyitte pysrmuio u nocrpoiite ee rpapur (104—105).

a) f(x)=%cos i;; 6) f(x)=-2 sin 2x;
B) f (x) = -1,5 cos 3x; r) f(x)= 3 sin g
8) f(x)=3tg2x; 6) f(x) = -3 cos 3X;

‘ B) f(x)=-2ctg %; r) f(x)=2,5sin 4—335

¢ Koopaumara gBuskyIerocs Teja (M3MepeHHAs B CAHTHMETDAaX)
. usMeHdAercs 10 YKazsanHOMY 3axkoHy. Haiigure amunuryny, ne-

puon, 4acTory Konebamusa. Briuncanrte KOoOpAHHATY Tejga B MO-

i Menr Bpemenu ¢, ecau:

a) x (t) = 3,5 cos 4nt, t, = % ¢

6) x(t) =5c0s(3nt + g), t, =4,5c;
B) x (t) = 1,5 cos 6nt, &, = 1% c:

¢
r) x(t) =0,5COS(E2—T'7—3':'), t;=8c.

Haiingure ammiutyny, mepmoj, 4acTOTy CHJIBI TOKa, €CJU OHA
n3MeHdAeTcd MO0 3aKOHY (CHJa TOKA M3MepeHa B ammepax, Bpe-
MA — B CEeKVHJAAX):

a) I (t) = 0,25 sin 50nt; 6) I (t)= 5 sin 20nt;
B) I (t)= 0,5 sin 10xnt; r) I (¢} = 8 sin 30rt.

Haifigure aMnoauTysy, ODepHoA H UYACTOTY HANDPAMKEHHS, €CIH
OHO HU3MEHSETCS II0 3aKOHY (HANPAKeHHe N3MepeHo B BOJIbLTAX,
BpeMA — B CEKVHIaXx):

a) U (t) = 220 cos 60ni; 6) U (t) = 110 cos 30nt;
B) U (t) = 360 cos 20rt; r) U (t) = 180 cos 45nt.

Pacnoso:xuTre B mMopAaKe BO3pAcTaHHMA YHUCJIa:
a) cos 4, cos 7, cos 9, cos (-12,5);

6) tg (-8), tg 1,3, tg 4, tg 16;

B) sin 6,7, sin 10,5, sin (-7), sin 20,5;

r) ctg 3,5, ctg (-9), ctg 5, ctg 15.

Hafinure oGsacTe onpeneneHuss GYyHKIIAM:

1 ’ in2 X 2 X,
a = .. H 6 = n° = —cos“ =
) y 1-sinx ) y sl 2 S 2

r) y=.tgx+ctgx.

3
cosx~1

B) Y=
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111.— Havignre obsacTh 3HaueHuit PyHKIUU:

. 3
a =ginx -+3cosx; 6 = 3
) v ) ¥ 1+tg2x
B) y=+1-cosdx; T) y= 2 ..
1+ ctg?x

Hcenenyiite QyHKUMIO U I1ocTpoiiTe ee rpadpuk (112—113).

112.+ a) f(x) =2 cos(x+ f),

g

B) £ (x) = tg(x—z)

6) f(x)=§sin(g—xj;

) f(x)= 1,5cos(% —xj.

113.8 a) f(x) = sin (2x —2—"),

_ X T,
; 6)f(x)—ctg(2+4),

-3z ).

B) f(x)=4cos(§+g); r) f(x)—tg(

114. ITo rpadury, uszoOpasKkeHHOMY Ha PHCYHKe 64, ompeaeaure
AMIIMTYAY CHUJAbI TOKA (MM HATIPAMKEHUA), IepHOk KoJeba-
HUs. 3aOUIIHTe 3aKOH 3aBHCHMMOCTU CHJLI TOKA (MJIM HAOpH-
JKeHHNS) OT BRPEMeHH.
LAA U,BA
151 90+
0,1 0 5
0 0,2 03 04 06 t,e 0 0,02W 0,1 w t.c
“'15" _90 1
a) 6)
1A U.B |
100+
12 +
0,3 0,9 1,5 0,2 1
0 '0,6\/1,2 "1,8% t,e 0| 04\ 06 Jo,8 1,2 t.c
-12¢
-100+
B) r)
Puc. 64
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115.— B xawxoi Ommxkaimuii momeHT Bpemenum t (¢ > 0), cuwmrazm
0T HAUaja ABMIKEHMs, CMeIleHHe TOYKM, COBeplualomiell rap-

\

; MOHHWYecKWe KojebaHma mo saxomy x(t) =5cos(1—t +I 0
a) MaKCHMAIBLHO; 6) pasuO 2,5;
B) paBHO 0; r) paBHo —57?

§ 3.
Pemmenune TpUTroHOMETPHUECKUX
YpaBHEHUIl M HepPaBEHCTB

8. ApPKCUHYC, apKKOCUHYC W apKTaHreHc

1. Teopema o kopHe. ChopMyampyeM BaKHOE YTBEDHK-
JeHne, KOTOPHIM yAOOHO MHOJNB30BAThCA NPH DPEIIeHHH YpaB-
HeHUIA.

Teopema (o xopue). Oyers thyrxnun [ Bospacraer
(nnam y6riBaer) Ha npomexyrke I, umcao ¢ — moboe
H3 3HAYeHNMH, NPUHEMACMHEX [ Ha 3TOM NPOMeEYTKe.
Toraa ypasuemme f (x)=a umMeeT eJUHCTBEHHLIH KO-

peEs B npoMexyrke I.

HdorxasaTenbrcTBO. PaccMOTpHM BO3pacTaWOINYI0 QYHKIHIO [
(8 cnayuae yOmiBarommeid ¢GYHKUHM paccyXJeHuA aHajJormudsi). Ilo

YCJIOBHIO B IpoMeXyTKe I cymecTByeT Takoe umcio b, uro f (b) = a.
HoxkaxeM, uto b — eIUHCTBEHHEI! KOpeHb ypasHeuus [ (x) = a.
HomycTuM, uTo Ha mpoMeXyTke ] ecThb ele YMcIOo ¢ # b, Takoe,
q10 f (¢) = a. Torga uau ¢ < b, uau ¢ > b. Ho dyrKknus f Bospacraer
Ha mpoMexXyTke I, moaToMy cooTBeTcTBeHHO Jimbo f (¢) < f (b), n1ubo
f (¢) > f (b). Oro upoTuropeuur pasenctey f (¢) = f (b) = a. Cnenosa-
TEJbHO, CHEJIAHHOE IIPEJIOJIOXEeHIe HEBEPHO U B NPOMeXxyTKe I, Kpo-
Me umcna b, gpyrux KopHell ypaBHeHud [ (x) = a Her.
B IHpumep 1. Pemrum ypaBHeHHMe x% + x = 2.
®yurnua f (x) = x® + x Bospacraer Ha R (3T0 cyMMa ABYX Bo3pa-
craiomux ¢Qyuknuit). Ilostomy ypasuenme f (x) = 2 umeer me Goaee
OZHOT'CO KOpHA. JIerko BHAETH, UTO KOpHeM ABjadercd x = 1.

2. Apkxcunyc. Kak Bpl 3HaeTe, QYHKIHMA CHHYC BO3PACTAeT Ha

orpeske | -=X; * | u mpuEEMMaer Bce sHauenua ot -1 go 1. Cnenosa-

2’ 2
TeNBHO, [0 TeopeMe O KODHe AJs J1060ro 4mcaa a, Takoro, uro |a| < 1,

B IPOMEXYTKE [—g; g CYILeCTBYET €JMHCTBEHHBI! KOpeHb b ypasHe-

64 Tpuronomerpuyeckne QYHKIMK



UA 78 \
1 y=sinx 1 y=cosx
_z T
2 3 b=arccosa
0 b-arcsina * I Toox
a 2

-1 -1+

Puc. 65 Puc. 66

HHA sin X = @. ITO yKuclao b HA3HIBAIOT APDKCHHYCOM 4MCJA 4 U 0003Ha-
yawT arcsin ¢ (pue. 65).

OnpepgeneHne Apxcunycom uucia a Ha3bIBa-

ercd TaKoe YMCJI0 H3 OTpe3Ka [——‘;—; s

—2—:!, CHHYC KOTO-

poro paseH a.

Il Ipumep 2. Haiizem arcsin ——“22
= \/5 i T er— T T T
resin X2 =2, in~=2 yg Te|-L, L
aresin - =2, Tak Kak sn4 5 4e[2 2}
/
IIpumep 3. Haiizem arcsin’ -1 .

2

)

paBHO —E HOBTOMY arcsm( ;) =——.

9 / LU
$2 0 ) kna MPOMEsKY TR | — 25

NN

s CHHYC KOTOpPOTO €CThH -%,

3. Apkkocuryc. PyHKunsa KocuHyc ybObiBaerT Ha oTtpeskre [0; w]
M IpHHNMaeT Bce 3HaueHud oT —1 mo 1. IlosTomy ans groboro uucia a,
TAKOro, 4TO |a| < 1, Ba orpeske [0; n] cymiecTByer eXMHCTBEHHEIH
KOpPeHE b YpaBHEHUSA COS X = ¢. ITO YUCIO b HA3HIBAIOT APKKOCHUHYCOM
ymena a U obos3uauaior arccos a (puc. 66).

OnpepeneHne. APKKOCUHYCOM UHMCAA & Ha3bI-
BaeTCHa Taxoe uHcIo H3 orpeskra [0; n], xocuHyC KO-
TOPOTO paBeH d.

V3

B Iipumep 4. arccos-—_g- TaK KakK cos6=—-“23 u g [0; ]
Ipumep 5. arccos| —Y2 |=3% rax kax cos 3% =_Y2 4
2 4 4 2
3n
L 0; n].
7 €07l
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-
C 2

pacraer ¥ IpuHHMAaeT Bce dHayeHusa ua R. ITosromy aas moboro uucna

a Ha MHTEpBaje (—g; g) CYILIEeCTBYET €IMHCTBEHHLIH KOPEeHL b ypaBHe-

4. Apxranresc. Ha untepsase (—g J(pymcuym TAHTE€HC BO3-

HUA tg x = a¢. 910 unca0 b Ha3LIBAIOT aPKTAHIeHCOM YHcJa @ 1 0003Ha-
vawT arctg a (puc. 67).

OnpepneneHune. Apkmanzencom UHCIA G HA3BI-

BaeTcA TaKoe YHMCJI0 H3 MHTepBaJa (—g; g), TaHTeHC
KOTOpOro pareH a.

B Iipuwmep 6. arctg1=g, TaK Kak tgg =1m }e(—g; —j.

IIpumep 7. arctg (- 3)=—-g, TaK KaK tg(—%j=—\/§ u

el =%,
3 2 2
5. Apkkoramrenc. Dynxnusa kKoranreHc Ha wuHrepBarxe (0; w)
y6biBaeT 1 npuHAMaeT Bce 3Hadenus us R. Iosromy ans nrpoboro umc-
Ja a B uETepBage (0; 1) cymecTByeT eJUHCTBEHHLIA KOpeHb b ypaBHe-

Hud ctg x = a. 310 uKcyio b HA3HIBAIOT APKKOTAHTIE€HCOM HHUCa a 1 060-
3HavaT arcctg a (puc. 68).

OnpeneneHune. Apxkxomanzencom IKcIa @ HAIEI-
BaeTcs TaKoe UMciIo M3 HHTepBaja (0; 1), KOTaHTeHC
KOTOPOTO PaBeH d.

UA YA
y=ctgx
a 1
_z n b=arcctga
2 2 o € >
g 0 n n x
0 b=arctga * 2
a
y=tgx
I
Puc. 67 Puc. 68
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1 T . 1 fis
IIpumep 8. arcetg — =—-, Tak Kak ctg = =— u — e(0; n
| p €55 €551 50
NDpumep 9. arcctg(—xIS):‘%c, TAaK Kak ctg5—6“=—v’§ n

5—;— € (0; n).

YnpaxXHeHus

CroabKO KOpHel, OpUHALIEKAIUX AAHHOMY IIPOMEXXYTRY,
uMeeT KaAoe u3 ypasHenuit (116—117)?

116.— a) x7 =3, x e (-o0; ); 6) 3;'3_'1‘ = -5, x € (~o0; 1);
B) x®=4, x € (-o0; 0 r) -°_ =2, x e (-2; o).
xr+2

117.— a) (x - 3)3 = -4, x € (—oco0; 00);

.6 2sinx=15, xe [—g; ;‘]

©op) (x+28=5, xe[-2 00) 1) 0,5c080 =-i, x e [0; 7]

OrMeTbTe Ha eJUHUYHON OKPYXXHOCTH TOUKH P,, Iisi KOTOPBIX
COOTBETCTBYIOIlee 3HAUEGHHE ! YAOBJIETBODAET AAHHOMY paBeH-
| cTey. Haiigure 3Haverue {, MpUHaAJIeXKalllee YKA3aHHOMY IIDPO-
MexyTKY (118—120).

118. a) sin ¢ =3§~, I:—g; ;j, 6) sin ¢ =—;, l:—g; 72[],
B) sint :—g, [—g; g}, r) sint=1, [“g; g}
119. 8 a) cost =—%, [0; n]; 6) cost =§, [0; n;
B) cost = _?/5—2_, [0; =]; r)y cos t =0, [0; x].
120.§ a) tgt = -1, (—g; g) 6) ctgt =+/3, (05 n);
B) tgt =43, (—g; g) r) ctgt=-1, (0; n).

BryucanTe (121—123).

121. @ a) arcsin O; 6) arcsin(—%);

B) arcsin 1; r) aresin (—‘g )
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122.— a) arccos( %) 6) arccos —‘g;
B) arccos ( 3/—2_§) r) arccos 1.
1
123.— a) arctg — 6) arctg (-1);
. ) €55 ) g (-1)
B) arctg 0; r) arctg V3.

. UMetor nu cMBICT BrIpaskenns (124—125)?

a) arcsin(—%); 0) arccos V5; B) arcsin 1,5; r) arccos \% .

. a) arccos T; 6) arcsin (3 —+20);
i B) arccos(—«/g); r) arcsin %

Haiignre s3nauenns srmpakerumit (126 —128).

a) arcsin 0 + arccos 0; 6) arcsin (~g) + arccos %;
B) arcsin -\/2—5 + arccos @; r) arcsin (-1) + arccos —‘/2—5
a) arccos (-0,5) + arcsin (-0,5);
6) arccos (—%J —~arcsin (-1);
B) arccos [—@J + arcsin (—%);
T) arccos g —arcsin —‘/;
a) arctg 1 - arctg V3; 6) arctg 1 — arctg (-1);
B) arctg (-—J§) + arctg 0; r) arctg :/% + arctg V3.
CpaBanTe umCaa:
a) arcsin(—l) M arccos -‘/—_i;
2 2
6) arccos (—%J u arctg (-1);
B) arctg J3 u arcsin 1; T) arccos (——‘/2—_?1) U arcsin %

130.— C nomomeo KanbKyJATOpPa HWJAM TabnuIl HalJuTe 3HAUYEHHE
BHIpaKEHUA:
s a) arcsin 0,3010; arctg 2,3;
6) arccos 0,6081; arctg 0,3541;
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B) arcsin 0,7801; arccos 0,8771;
r) arctg 10; arcsin 0,4303.

131.— Brrumcanre:

a) 2 arcsin (— ‘/2—5) + arctg (-1) + arccos ‘g;

6) 3 arcsin 1, 4arccos ( —--l-) —arcctg (—\/5);
2 P2

B) arctg (—«/§) + arccos [—‘[2—3j + arcsin 1;

r) arcsin (-1) - g arccos % + 3 arctg (—%)

132.— Joxaxure, 4TO AJNA MOOBIX YHCET X; M X, H3 NPOMEXYTKA
~ [~1; 1] u3 HepaBeHCcTBa X, < X, CIAeAyeT HEPaBEHCTBO:
' a) arcsin x, < arcsin x,; 6) arccos x, > arccos x,.

JokaxuTe, 4ro AAA NOOHIX umMceln X, W X, U3 HePaBeHCTBA
x, < x, clefyeT HepPaBeHCTBO!

: a) arctg x, < arctg x,; 6) arcctg x, > arcctg x,.
Pacnonoxxure umcia B nopagke Bospacranus (134-—135).
a) arcsin %, arcsin (-0,3), arcsin 0,9;

|| 0) arcsin (-0,5), arcsin (-0,7), arcsin g,

B) arccos 0,4, arccos (—0,2), arccos (-0,8);
1) arccos 0,9, arccos (-0,6), arccos g—

a) arctg 100, arctg (-5), arctg 0,7;
6) arcctg 1,2, arcctg n, arcctg (-5).

9. PeweHne npocTenlux TPUroOHOMETPUYECKUX
ypaBHEeHUN

1. Ypasuenne cost=a. OueBuaHo, uTo ecau |a|> 1,
TO ypaBHEHHE

cost=a 1)

He MMeeT pellleHMit, MOCKOAbKY |cos t| < 1 gna moboro t.

IIyere |a| < 1. Hamo HaiiTm Bce Takme umcia t, 4To CoOS t = @.
Ha otpeske [0; n] cymiecTBYyeT B TOYHOCTH OJHO PeEIIeHUE YypaBHe-
Husa (1) — »T0 uMcHO arccos a.
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a) 6)
Puc. 69

Kocunyc — dyeTHas (GYHKIHMS, W, 3HAYHT, Ha oTpeske [—x; 0]
ypaBueHue (1) Takixe WMeeT B TOYHOCTH OAHO PeIICHHE — YHUCIO
—arccos a. rak, ypaBHenue cos { = @ Ha OTpe3Ke [—x; 1] AJIMHOHN 27
uMeeT ABa pelleHUs: t =+ arccos a (coBmaaalomue npu a = 1).

BenencrBue mepuoguuHOCTH (DYHKIIMHE COS BCE OCTAJbLHLIEC pellie-
HHUA OTIHYAOTCA OT 3Tux Ha 2nn, (n € Z), 1. e. dpopmMysIa KOpHeH
ypaBHeHus (1) Takosa:

t=+*arccosa+2mn, nc Z. (2)

(Obpature BHUMaHUe: 3ToH (GOPMYNOH MOKHO IOJB3OBATHCI TOJILKO
npu |a] < 1.)

Pewrennie ypasaenua (1) MOMKHO NpPOUJIIIOCTPHPOBATL HA EXH-
HUYHOI oKpy:KHocTH. Ilo ompegerenuio cos t — aTo abemmeca TOY-
Ku P, enuawuHo#l okpysuocTH. Ecam |a| < 1, To Takumx Touer ABe
(puc. 69, a); ecau xe a =1 wiu a = -1, to ogHa (puc. 69, 6).

IIpun a =1 umecna arccos @ M —arccos @ COBHAZAIOT (OHHM PABHBI
HYJIO), TI03TOMY pPeEIeHHUA YPABHEHMA coS t = 1 MPUHATO 3aNMCHIBATDL
B Buge t = 2nn, n € Z.

Ocobas ¢opma 3anucu peileHuil ypapHeHn# (1) mpuHATaA TaKKe

maa=-1ua=0:
cost=-1 opu t=n+ 2nn, n € Z;
cost =0 npm t:%-ﬁ-nn, nelZ.

B Opuwmep 1. Pemnm ypaBHeHHE cosx:%.

Ilo dopmyne (2)

x=iarccos%+2nn, nelz.

Hockoabky arccos; = %, NPHXOAUM K OTBETY

x:i-g+2nn, neZ
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IIpumep 2. Pemmum ypasuenue cos x = —0,2756.
Ilo dpopmyne (2)

x = *arccos (-0,2756) + 2nn, n € Z.
3uauenne arccos (—0,2756) HaxoAUM ¢ TOMOINLIO KAJTbKYJIATOPA;

oHo mpubam:keHHo pasHo 1,8500. Urak,
x=zxx,+ 2rn, neZ, rae x,~ 1,8500.
Ilpumep 3. PemuuM ypaBHeHHE COS (Zx ——:—) =- \/—23— .
IIo dpopmyne (2)
V3

2x -1 = tarccos| -2 |+2nn
4 2 ’

neZz, T e. 2x—£=i%‘+2nn, OTKYIAa
n,5n
x=—+2_+mn, nec Z.
g8 12 " €

2. Ypaeuenme sin £ = a. YpasHeHHe
sint=a (3)
He mMeeT pemermil npu a| > 1, Tak kax |sin t| < 1 gaa mo6oro t.

Ipu |a| < 1 ma orpesxe [—%; %} ypaBHeHne (3) HMeeT B TOUHOCTH

oxHo pemenme !, = arcsin a. Ha mpomemxyTre [g, %} dyHKIUA sin

yObIBAeT M IpUHUMAET Bce 3HadeHUsa oT —1 70 1. Ilo Teopeme o0 kKOpHE
ypaBEeHNe (3) uMeeT M HA 3TOM OTDe3Ke OZMH KopeHb., W3 pucyH-
ra 70, @ BBAHO, UTO BTOT KOPEHb €CTh UMCJO ¢, = T — arcsin a. [leficr-
BHUTEALHO, sin t, =sin (n - ¢) =sint, = a. Kpome TOro, mockosinky

gy gt L Tt < T -
St < nMeeM S-Lh,S-HuUR n-t T+ T. €. {, IIpA
2 1T 2 1772 2 1= 2Ty 2 TP

HAZJIEKUT OTPESKY [" : ﬂjl

2’ 2
YA Ui
1 1
P
Py, a Py g
0 x 0 x
-1]P ,
2
a) 6)
Puc. 70
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n, 3n
2

Hrak, ypasaenne (3) Ha OoTpeske [—E; ] UMeeT ABA pelleHn:

t, = arcsin a u t, = 1 — arcsin a (cosnagaloniue npa @ = 1). YuuTeIBad,

UTO HepHOX CHHYca paBeH 2w, IOJydyaeM Takue (POpPMYJEHI AJIS 3aITUCH
BCEeX pellieHHil ypaBHEHHA:

t = arcsin a + 2nn, 4)

t ==n — arcsin a + 2rn, n € Z. (5)

Yaobuo pereHuss ypaBHeHuA (3) 3alIMCHIBATE He IBYMdA, & OZHON
dopmynoit:

t = (-1)t arcsina + nk, k € Z. (6)

HeTpyauo yGeguThbCcsa, 4TO OpH YeTHLIX k = 2n us dopmyast (6)
HaXOAUM BCE peIieHHsd, 3anucaHHble QopmMmyaoit (4); mpu HeYeTHEBIX
k =2n + 1 — pemenus, sanucbiBaemslie dopmysoi (5).

Pemenune ypasHeHusa (3) yA00HO MIIOCTPHPOBATh Ha eJUHUYIHOH
okpyskHOocTH. [To ompegenenuio sin ¢ ecTs opauHaTa TOYKH P, eguHmd-
Hoit okpysxHocT. Ecin |a| < 1, To Takux Touek xaBe (puc. 70, a); mpu
a=11— oxua (puc. 70, 6).

Ecaux a =1, to umcaa arcsin a m n — arcsin a coBnajaioT, IO-
9TOMY pemenne ypaBHeHnﬁ

sint=1
IPUHATO 3ATKUCHIBATH TAK:

t==+2nn, ne Z.

L3
2
IIpm a = -1 m a = 0 npuHATA cIaexyiOIladA 3alUCh PeIIeHHI:

sin t = -1, ecnm t=——;~+2nn, ne2Z.

sint=0, ectu t=nn, nec Z.
. IIpumep 4. Pemum ypaBHeHHe sinx:~§.
IIo dopmyne (6) x = (-1)* arcsin g +nk, ke Z, 1. e.
x =(-1)* %+1‘Ek, kelZ.

IIpumep 5. Pemum ypaBHenwe sin x = 0,3714.
Cornacuo popmyme (6)

x = (-1)* arcsin 0,3714 + nn, n € Z.
C momompio KadbKyJasTOopa HaxoguM arcsin 0,3714 = 0,3805.

IIpumep 6. Pemmum ypaBHeHUe sin (l - —ij = l/~——2~
10 2 2
dyuxnusa cuayc HeuerHa. IlosTomy

x /2
sin(w—i) =-X2,
2 10 2
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Tlo dopmysne (6)

-
X_ T _(-1)* arcsin| - Y2
5770 (-1 arcsm( 3 )+7tk, kelZ.
Tar Kax arcsin(—izg)=——4“—, MMeeM:
X_T _(-1* & =T (-1 E
2”10 (1)( 4)4—7\7}6, 5+( 1) 2+2nk,kez.

3. Ypasnenme tg t=a. IIpu mi0bomM a Ha wmHTEpBale (—g; E)

2

MMeeTCA POBHO OAHO Tarkoe uyuciao tf, uro tgt=a, — aro arctg a.
IlosToMy ypaBHEHHE

tgt=a (N
HMeeT HA HHTEpPBAJE (—g; g) IUINHOM 7 eAMHCTBeHHbIH KOpeHb. MYHK-

IMA TaHTeHC nMeeT Inepuoy 7. CleAOBaTeNIbHO, OCTAJbHBIE KOPHU
ypasHenuda (7) oTauuaroTcs oT HaiifileHHOro Ha nn (n € Z), . e.

t=arctga +nn, n e Z. (8)

Pemrenue ypaBrenus tg t = a yao6HO IPOMIITIOCTPUPOBATE C II0-
MOWILI0 JMHUM TaHTeHcoB (puec. 71). HanomuuM, uro tg ¢ — 31O Op-
nunaTa TouxkM T, mepecedenus NPAMOM OPt1 ¢ JNHWeHX TAHTEHCOB
(cm. m. 1), na aoGoro umcja 4@ Ha JHHWM TaHTEHCOB €CTh JIMIID
OgHa TOYKA ¢ OpAMHaATON a, 3To Touka 1T (1; a). Illpamaa OT nepece-
KaeTcA ¢ eIHHHYHON OKPYIKHOCTHI0O B ABYX TOUKAX; IIPW 3TOM HHTED-

BaJIy (——725; % COOTBETCTBYET TOYKA Pt, OpaBof IOJIyOKPYMHOCTH, Ta-

Kaa, uto i, = arctg a.

Il IUpuwmep 7. Pemum ypasHenue YA
tg x = J§

Ilo dopmyne (8) maxoamm pemre- e T a)
HHe X =arctg J3+mn, ne Z, a rak xax
arctg J3 = %, OPHXOZUM K OKOHYATEJh- 1 P,
HOMY OTBETY: 1

x= g+ nn, ne 2.

IMMpumep 8. Pemmimm ypaBHeHWE 0 1 x
tg x = 5,177,

W3 dopmyan (8) cnegyer, uTo

x = arctg 5,177 + nn, n € Z. Py,

C moMOINbI0 XaJBKYJAATOpPa HaXO-
zum arctg 5,177 = 1,3800. Puc. 71
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IIpumep 9. Pemum ypaBHeHHUe ctg x = -J/3.
9T0 ypaBHeHHEe DaBHOCHJbHO yPaBHEHHIO tg x = —
pemaem ¢ nomolgso Gopmyas: (8):

x=arctg(——1—J+nn =—~g+nn, neZ.

73

YnpaxHeHus

Pemrure ypapuenus (136-—143).

136.— a) cosx=l/2_2—; 6) cosx=——;~;
B) cosx=—\/2~§—; r) cos x = —1.
137.— a) 2cosx+/3=0; 6) V2 cosx-1=0;
B)2COSJC+\/§=O; r) 2cosx—1=0.
138.% a) sinxzé; 6) sinx:—?;
. B) sinx=—%; r) sin x = -1.
139.4 a) V2 sinx+1=0; 6) 2 sinx+ 3 =0;
t B) 2sinx - 1=0; r)25inx+\/’§=0.
140.§ a) tgx=—~,1§; 6) ctgxsx/g;
N
B) tgx=1; r) tg x = 0.
141. 8 a) tg x+/3=0; 6) ctgx +1=0;
B)x/gtgx—1=0; r) \/gctgx—lzo.
. 2 x 1
e, * __1.
142. a) sin2x = P 0) cos 3 9
in %ol _
B) s1nZ—2, r) cos 4x = 0.
143. a) sin x = -0,6; 6) ctg x = 2,5;
B) cos x = 0,3; r) tg x=-3,b.
Peminre ypaBuemma (144—147).
144.— i —5):"2; 6) tg(—4x)= =;
— @ sin- %)= ) tg(~42)=
B) cos(—2x):—l/§3; r) ctg(—%):l.
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145.— a) 2005(%—%)=\/§; 6) 2 sin (3x —n-)z—«fé;

B)Jétg(§+%)=3; r) sm( )

146.— a) cos(3—2x)=—1; 6) 2s1n( —ﬁ)_ﬁ;
6 3 4
m_x)__q. T_a.)o
B) tg(4 2) 1; r‘)2cos(4 3x) J2.
J3

147.— a) sin 3x cos x — cos 3x sin x = —2-;

6) sin? ¥ —cos? ¥ =1;
) 4 4

B) sin 2x cos 2x = - i—;
1 X n V2

: n- - — S1n - = —- .
I‘) S1 3 COS 5 COS 3 si 5

Jdna kaxzaoét U3 QyHKIANK
=2cos|2x-%| u y=gin £+1)
Y ( 3) y=s (2 4

HaliiuTe KOOPIMHATHI OOLIHX TOUEK ee rpadmKa ¢ npamoii:
a) x=4,bm3; 6) y=-1; B) y=1; 1) y=90,

!

%

148,

as

Pemmure ypaBHeHUHA cOS ( 3 2x) -;, sin (Zx + i) =-1
\

M HaliguTe OJA KayKJOr0 H3 HUX:
a) HaUMEHBIUWH IIOJIOKUTEIbHBIM KODEHb;

6) kopHM, OpHHaAJIEXKAaIyue IPOMEKYTKY [—’23; 32~:l;

B) HauOOJABLINH OTPHIATEJBHBIM KOPEHbB;
r) KOpHH, OpHHAJJIEMKAIHE [IPOMEKYTKY (—n; g)

JoxakuTte, 4YTO BCe DellleHUA ypaBHeHHA clg ¢ = @ HaxomATcsa
mo dopmyne t = arcctg a +nn, n e Z.

10. PeweHne npocTerumx
TPMroHOMEeTPU4YECKUX HepaBeHCTB

Pentenve HepaBeHCTB, COJEPKAIUX TPUTOHOMETPHUYECKHE
QYHKIENA, CBOAUTCA, Kax IIPaBUJIO, K pemenmo npocTeAImnX Hepa-
BEHCTB Bufla sint < a, cost>a, tgt>a u . 1.
PaccmorpiM Ha npuMepax cmocoOBl MX pPeIIeHH.

. IIpumep 1. Pemmm HepaBeHCTBO sint > —;.
Bce Touxknm P, efuHWYHOH OKDYKHOCTH IPM 3HAYEHUAX t, YAO-

BJIETBOPSAIONIAX [AHHOMY HEPABEHCTBY, MMEKIOT OpPAUHATY, OGOJbNOIYIO
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Puc. 72 Puc. 73

UI¥ PABHYIO — % MHoO®eCTBO BCeX TAKMX TOYEK — Ayra l, BelgeJieHHasd

Ha pucyHKe 72. HailizeM ycioBWe NpDHHaAJNEKHOCTH TOYKH P, aToil

ayre.
Touka Pt! JIe2KUT Ha MpaBoil MOJVOKPYKHOCTH, OpAMHATA P,1 pas-

Ha —%, M, CIefoBATENLHO, B KauecTBe f, yAOGHO B3ATh 3HAUYEHHE
. 1 s

t, =arcsin —3 =5 Hpexgcrasum cebe, 4TO MBI coBepinaeM 06X0n

ayru ! or troukn P, x P, nporus dacosoit crpeaxu. Torma i, > 1,

U, KaK JIETKO IOHATD, {, = T —arcsin (—%) = 76—” Taxum o6pasoM, IIOIY-

qaeM, 4To TouKa P, mpuragxesxmr gyre [, ecam —%<t <ﬁ. Hrax,

6
pellleHHA HEPABEHCTBA, MPHHAIJEMHKALHE TPOMEIKYTKY L—g; %} JIH-
HOH 27, TaKOBHI: —g- <t < 76—“ BcaencTBre TEPHOAWYHOCTH CHHYCA

OCTaJibHbIe DeIeHU:A IOoJyJyaloTcda HoOaBileHMeM K HaNOeHHBIM 4YHCeN
Busa 2nn, rae n € Z. IIpuxonuM K OTBeTy:

—%+2nn<t<%+2nn, nelZ.

J2

Ilpumep 2. Pemmm HepaBeHCTBO Sint < 5

9TO HePaBEHCTBO 03HAYAET, UTO BCe TOUKM P, eAMHMUHOMN OKPYXK-

HOCTH IIDH BHa4YeHHAX I, YAOBJCTBOPHAIOIIUX AAHHOMY HEDPABEHCTBY,
2

EMEIOT OpAWHATY, MEHBIIYIO ‘/—2_ MHOKECTBO BCEeX TaKMX TOYEK —

Ayra [, BelieneHHasa Ha pucyHke 73. KoHIbI ee Pt1 n Ptz He BXOXAT

B pacCMaTpHUBaeMO€ MHOKECTBO, IOCKOJLKY MX ODJAHMHATHI He MEHbIIIEe,

2 "
8 PaBHBI —-. Yro6rl HafiTH yCJIOBHE, NMPH KOTOPOM TOuKa P, mpu-
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HAANEXKUT YKA3aHHOMY MHOMKECTBY, HaHgem t, m i, Bossmem
V2 _n
t,=aresin — = <.,
1 2 4
Pacemorpum obxox ayrum [ oT TOuKmM P:, K Pt2 B HaIpaBJeHHH
J2 _ 5z
4

0 4acoBOH cTpeske; i, <t;, ¥ t, = —7n — arcsin 5 = Bee peme-

HHs HepaBeHCTBA H3 IPOMEXKYTKa [—3—2“-; %] AJTVHOH 27 TaKOBBI:
—24’3 <t< % VuuTHBaA NEPHOAMYHOCTH CHHYCA, HOJyYaeM BCe pelle-

HHUA HEpaBeHCTBa:

_%+2nn<t<g+2nn, neZz.

IIpumep 3. PemuuM HepaBeHCTBO COS t < %

MHOKeCTBO TOUEK eIVHUYHOMR OKPYXHOCTH, abcruccsl KOTOPBIX
MeHbpIlle %, JieXxKaT Jnesee npamoﬁ X = %. 3Ha‘IHT, MHOXECTBO BceX Ta-

KHX TOYeK ecThb Ayra l, BeigeJeHHas Ha pucyHKe 74 (KOHIBI ee Pt1 n Ptz

He BXOAAT B 9T0 MHO:KecTBO). Haxomum ¢, u ¢,. Touxa P, pacmosnoxe-

Ha HA BepXHeH OOJYOKPYIKHOCTH, abcumcca Pt1 paBEa %, cJIelOBaTEb-

HO, t,=arccos % =%. ITpu mepexoze or TOYUKH Pt1 K Pt2 no xyre ! BbI-

OJHAEM O00X0J MPOTHB ABHMKEHWA 4HacoBOH CTPeJKHu, Toraa t, > t,

" 'tz = 21 — arecos % = %”—. Touka TpHUHAAIEKHUT BHAeIEHHON nyre [

(HcKJI0uaA ee KOHILI) NPH YCJAOBHH, UTO %<t <§31. Pemenns Hepa-

BEHCTBa, NpHHaAJeKaiue npoMe:kyTKy [0; 2r] aamuoii 2m, TaKOBHI:

% <t< 5?“ BesegeTsre neprOAHUYHOCTH KOCHHYCA OCTAJIBLHBIE PEILICRNA

noay4yarorca aoGaBjeBMeM K HaiiJeHHBIM 4Yuces Bujaa 271n, rae n € Z.
IIpuxogM K OKOHYUATEJILHOMY OTBETY:

T 5r
§+211:n<t<?+21tn, nel2. YA
Ilpumep 4. PemupM HepaBeHCT- P,
1
BO tgt <1, L

Ilepuon Tamrenca pasen n. Iloaro-
MYy Ha#zeM cHavaja BCE PEelleHHs JaHHO-

T
S

To HepaBeHCTBa, INpUHAaJIexalue IIpo- 1 x
MEXYTKY —g; —725 , & 3aTeM BOCIIOJIb3Y- 2

eMcA NepHOAUYHOCTHI0 TaHreHca. [Miasa P,,
BEIJIEIEHUA BCeX TOoYeK P, mpasoi#l momy-

OKPYIKHOCTH, 3HAUEHUS { KOTOPBLIX YAO- Pnc. 74
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YA ylL
’A(l;l) Pt1 .
% ~z |0 %
2
Ptz
Puc. 75 Puc. 76

BJIETBOPAIOT NAHHOMY HepPaBeHCTBY, o0paTHMCS K JHHHH TEHIEHCOB.
Ecnu t sBaseTcs pellleHMeM HEPaBEHCTBA, TO OpAMHATAE TOYKH T,
paBHas tg ¢, JoJyKHA OLITH MeHBIIe MAM paBHA 1. MHOMECTBO TaKUX
rouek T — nyu AT (puc. 75). MuoxecTso Touex P,, COOTBETCTBYIOIIUX
TOUKAM 9STOrO JIyda, — Ayra [, BeijejseHHas Ha pucyHre (oGparure

BHUMAaHHE: TOYKA Pt1 NpHUHAAJEKHNT, & P, He IPHHAAIEKUT paccMar-
2z
pusaeMoMy MHOXecTsy). Haxomum ycmoBwe, mpum Koropom Toduka P,

npuHaJJeXKHUT Jyre l. i € —%; g) u tgt, =1, cregosareiabHo,

t, =arctgl =-. 3HauuT, ¢ [OJKHO YAOBJIETBOPATH YCJOBHIO

s
4
I <t <£. Bece pemenus JNaHHOTO HEPABEHCTBA, IPHHAAJIEIKAIIME

2
IPOMEXYTKY (—g; %), TAKOBHI: (—g-; f} VuuThIBasS DepUOLUIHOCTE

TaHreHca, nmojaydaeM OTBeT:

T n
-—+man<tL<S+nn, ne ”Z.
2 4
Ja2
IIpumep 5. Pemmum HepaBeHCTBO COS 2Xx > — 5
V2
O6GoaHauuB 2x uepes f, MOJYYUM COS | > 5 Ha pucyuke 76
- J2 _3n
BBIfleJIeHa COOTBeTCTBYHOmas ayra [. Haxomum t, = arccos i e

ty = ——3;15, OTKYIa

_§4E+27m <t<§4ﬁ+2nn, neZ.

Ilepexons K mepeMeHHON X, IOJydYaeM:

—§4E+2nn<2x<37”~+27m, —?‘8—“+nn<x<%’3+nn, nelZ.
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IIpumep 6. Pemium Hepa-
BEHCTBO 3tg(—g—§)<\/§.

IIpeocbpasoBaB maHHOE Hepa-
BEHCTBO, IOJYYHM:

tg (.‘E —_ x) < ﬁ’
3 2 3
3
gl % E) <3,
g ( 2 3 3
g(g_g) _[ii Pue. 77
2 3 3"
OGo3HauMM g —% yepes t, Torga tg t > —3/3—3. Ha pucysake 77 BpigeeHa
_ J3)__a
coorBercTBRyromas ayra l. Tax kak ¢, =arctg ~=3 | =~ moMyiaeM

—g +Rn <t < g + nn. HepefisjeMm k mepemeHHOH x:

—%+7:n<-x-—-“-<-"+rrn,

2 3 2

5

%+21tn<x<-~3;1+2nn, nelZ.

YnpaxueHus

Ha emununusoil okpyxuHOCTH OTMeTbTE TOYKM P,, an1a Koro-
PHIX COOTBETCTBYIOLME 3HAYEHHA { YAOBJICTBOPAKT ASHHOMY
HepaBeHCTBY. HafauTe MHOMKeCTBO 3HadYeHHH ¢, YAOBIETBOPA-
IOLMX HEPABEHCTBY M IPHHANJICKAIIHMX YKA3aHHOMY IpoMe-
HKYTRY (151—153).

151.—@%} a) sint > %, t € [0; n]; 6) sint < ~~‘/2—§, t € [-xm; 0];
B) sint > ‘/2—5, t e [0; n}; r) sint <—%, t e [-m; 0].

: V2 T, 1 n, 3n
. > —, HE-E t < ’ ; H
152 a) cost > t e[ 5 2] 6) cos 2 t 5[2 B :l
1 T, X v 3 n, 3n
>=, t ML t<—"3=, =3 o=
B) cost 3’ eli 5 2] r) cos 5 te[2 2]

153. tgt t . E); 6) t t<_1..~,t -z, E);
a) tgt>-3, E( 5 s ) tg 75 e

—
3 T, T

B) tgt>"",te|l -5 = |

) tg 3 e( 2,2}

53
tgt<-1,t 15).
r) tgt< 6(22
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Pemure mepasencta (154—157).

154.— a) sinx > 1/22; 6) sinx<—\/2—§;
% B) smx>%, r) sinx<—7/2—§.
155.4 a) cos x > —%; 6) cos x <,«[2_§_;
B) cos x 2 ~2§; T) Cos X <—-\/2—§.
156. a) tg x <V3; 6) tgx>—_f§_;
B) tgx>—1~—; r) tg x < -1.
J3

6) 2sinx++2 >0
r) 3tgx+/320

157. 8 a) 2cosx—-120;
B) 2cosx -3 <0;

Pemure HepaBencTBa (158—163).

158.— a) sin 2x<%; 6) cos ;E >,‘/2_§;
B) sing<—‘/—2—3; r) tg 5x > 1.

159.— a) 2 cos (2x+§) <1 6) V3 tg(3x+§) <1

B) \/Esin(£+f)> 1; r) 2cos(4x——)>\/§
4 2 6
_ T 1,
160.— a) smxcosg cos X sm6 2,
J2

- 6) sinTeosx+cos Esinx < —¥2;
) 4 4 2’
i B) 4sin2x cos2x > /2;

¥ 1) cos »’8‘— cos x — sin x sin % <—§.

3\
161.¢ a) ctg x > NEY 6) \/gctg(z—2x)> 1;

1
:’f; r) 3ctg(%+§)>—\/§.

B) ctg 3x <

162.-8 a) 3sin iﬁ> 2; 6) 4cos ;ﬁ <-3;

B) 5 tg 2x € 3; r) 0,5 sin 4x < -0,2.
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163.— HaiiguTe pellenus HePABEHCTBA, NPHHAMIEKAIINE YKA3aHHO-
My IPOMEXYTKY:

a) sin x 2 —%, xe(—lzt-; %),
- 6) cos%>§, xe[—%; 0};
B) tg x > -1, xe(—g; f},

J2

r) sin2x <7, x e [0; «].

11. Mpumepb! peLIeHNs TPUTOHOMETPUUYECKUX

YPaBHEHUN M CUCTEM ypaBHEHUW

B n. 9 6sl10 mOKAa3aH0, KAK pelllaTh OPOCTeHINne TPHIOHO-
MeTpHYeCcKHe ypaBHeHHdA. Pelienne GoJiee CIOMKHBIX TPATOHOMETPHYE-

CKEX ypaBHeHHMH TpefyerT sHAHMA GOPMYJ TPUroOHOMeTpHH. PaccMor-
pPHMM HEKOTOpble IPHUMephl.

B IIpumep 1. Pemmum ypasrenme 2 sin? x +sinx - 1 = 0.
Beezem HOBYIO mepemennyio y = sin x. Torga gannoe ypaBHeHue

MOXHO 3anucath B Buge 2y° + y — 1 = 0. Mbl nonyumiaum KBagpaTHOe

ypaBHeHHe. Ero KopHAMH cIyXaT Yy, =% u y, = -1. CregoBaTenrHo,

sin x =% unu sin x = —-1. B mepBoM cayvae HmOJYYHM pelleHUs

x =(-1)* arcsin% + nk,

T. e. x =(-1)* %+nk, ke Z.

Bo BTOpDOM cCilyuyae HMeeM:

x=—g+2nn, nelZ

IIpumep 2. Pemum ypaBHernme 6 sin® x + 5cos x — 2 =0,

Bamensa sin®x mHa 1 — cos? x, MONYYMM OTHOCHUTEIBHO COS X
KBazparHoe ypaBHeHme 6 (1 -cos?x)+5Hcosx—-2=0, oTKyIZa
—-6coslx+5cosx+4=0, T.e. 6cos2x—5cosx—-4=0. Kakx u B
npumepe 1, BBegeM HOBYIO IepeMeHHYI0 cos x =y. Torma 6y? —
-5y~-4=0, ortkyzay= —-% UIH Y = 1%. YpaBHEHHe COS X = 1§ He uMe-

eT pellleHuH, TaK Kak 1% > 1. Pemas ypaBHeHUe cos x = —%, HaxoguM:

x=i~3?-t-+2nk, ke Z.
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IIlpnmep 3. Pemuum ypaBHernue tg x + 2 ctg x = 3. -
Ob6osnauum tg x uepes y. Ilockoasky ctg x = Eél—;’ nojyvyaeM

YpaBHEHUE J + 2.3, KOTOpOe IPHMBOAMTCA K KBaapatHomy y2 — 3y +
Y

+ 2 =0 (upm ycaosuu y # 0). Ero kopunt y =2 u y=1.

1) tgx=2, x=arctg2+nk, T.8. Xx=x,+1k, keZ, rHE
x, = arctg 2 = 1,1072,

2) tgx=1, x=g+nk, ke Z.

ITpumep 4. Pemum ypaBHeHHE
3 sin? x - 4 sin x cos x + cos? x = 0.

3maueHus x, IPH KOTOPHIX cos x = 0, He ABNAIOTCA peNICHUSIMU
BTOro ypaBHEHHS, TaK Kax eciu cos X = 0, TO LOJKHO BBIIOJIHATHCA
paseHcrBo 3 sin? x = 0, a KOCHHYC M CHHYC He MOTYT OBLITh OIZHOBpE-
MEHHO paBHBIMH HyJsi0. IloaToMy MOKHO 00e 4acTM ypaBHEHHSA pas-
neanTb Ha cos? x (May Ha sin® x) ¥ OpH 3TOM HOJNYYHTEH ypaBHeHHUe,
pPaBHOCHJIPHOE DAHHOMY ypaBHeHMIO 3 tg2 x —4tg x + 1 =0, oTkyzma
tgx=1wmn tgx = 3 CaenoBarenbHo,

xX=—+nn, ne€Z, umm x=arctg-;+7tk, kelZ.

T
4
Iipumep 5. Pemum ypaBHenue 6 sin® x + 4 sin x cos x = 1.
3amenum 1 B npaBoit uacTu ypaBrenus Ha sin? x + cos? x. Ilocie
BHIIIOJIHEHHA COOTBETCTBYIOIMUX Npeobpa3oBanuyl moaydaeM 5 sin? x +
+ 4 sin x cos x — cos® x = 0. Bocmoabsyemca OpueMoM pelleHHA IIO-
noGHOTO ypaBHEHMs, KOTOpHIM omMcaH B mpumepe 4. B pesysabrare

umeem tg x = %, tg x = —1. CaenoBaTrenpHO,

x=arctg;+nn, neZ, wumm x=—Z+Tck, ke Z.
IIpumep 6. Ypasuenue sin®? x —sin 2x =0 mocre B3aMeHB!
sin 2x Ha 2 sin x cos x nmpuBoAMTCA K BUAY sin® x — 2 sin x cos x = 0.

PaznmoxuM JeByI0 YacTh Ha MHOMUTENN: sin x (sin x — 2 cos x) =
=0, orkyzga sinx =0, r.e. x=nn, ne€ Z, nan sin x - 2 cos x = 0,
oTKyna tg x =2 u x=arctg2+nn, ne Z, T.e. x=x,+7nn, n € Z,
roe x, = arctg 2 = 1,1072.

Kak u B npumepe 4, MOXKHO OBLIO pPa3zieuTh 00e UaCTH ypaBHe-
HUA Ha cos? ¥ ¥ nonyuuTs ypaBHenue tg? x - 2 tg x = 0. Ecnu ke ge-
auTe Ha sin? x, TO HYMKHO YyYecTh, 4TO Te X, OPHU KOTOPBIX
sin x = 0, — peruennsa JaHHOTO ypaBHeHUA. [I03TOMY K KOPHSAM HOIY-

4YeHHOro mocje JejeHnd Ha sin? x ypaBHeHHA ctg x — ; = 0 Bajgo moba-

BUTL KOPHH ypaBHeHHUA sin x = 0.
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Mrorue Jgpyrue ypaBHEHMA, HalpuMmep ypasHeHue sin? x —
—sinxcos x +cos2x=0 munm ypasHeHme sin® x + 2 sin?® x cos x -
-5sinxcos?x+2cos®x=0 ®m T. O, TakXe PpEIIAITCA JeJIeHHEeM
JIeBOil M npaBoit yacTell ypaBHeHMA HAa KOCHHYC (MJIKX CHUHYC) B CTelle-
HH, PAaBHO! crTeneHM ypaBHeHMsd. [IpeaBapuTeJ-HO HAAO ITPOBEPHUTh,
ABJIAITCA JIU 3HAYEHHA X, AJIA KOTOPHIX cos x = 0 (sin x = 0 npu pge-
JIeHHHM Ha Sin® x), pelleHUAMM JAHHOTO ypaBHeHU#A. Tak, ypaBHeHMdA
BTOpO#i cTermeHM AenaT Ha cos? x (M sin? x), a TpeTneit — Ha cos® x
(wmm sin® x) u samenoi tg x (wiu ctg x) Ha y mosydaOT axreGpauye-
CKOe ypaBHEHue.

- Hpumep 7. Pemnum ypaBHeHme cos 6x + cos 2x = 0.

IIpeoGpasoBaB CyMMY KOCHHYCOB B IIpOM3BeleHHe, MOJYYUM
2 cos 4x cos 2x = 0. 910 ypaBHeHHe oOpamiaeTcs B BepHOe DPABEHCTBO,
ecau cos 4x = 0 mnu cos 2x =0, T. e.

x~§+%k, keZ, um x=£+“2—", neZ.
IIpumep 8. Pemum cucTtemy ypaBHeHMH
5n
xX—y=-—,
¥=73

sinx =2 siny.
N3 mnepBoro ypaBHeHMA HaXOOEM Y = x—5—3n-. Torga 2 sin y =
=2sin[x—5—;)_ 2(s1nx cos5—3— ~cosxs1n§3ﬂ) 2[smx é - —‘[—3 cosxj =

. fo .
=ginx + v3cos x. Bropoe ypasHeHme cuCTeMsl MNpUMET BMJ Sin x =

. o
sinx++v3cosx, orkyzaa cos x =0, x 2_721 +nn, rae n € Z. Jlanee Ha-

XOAHMy:x—§3,‘T_=2+Tcn 57';_1."1 71‘[’n€Z

3 6
OrsBer. ( + 7n; nn—l’l), nel2.
2 6

YnpaxHeHus

Peminte ypasnenus (164—168).

164.— a) 2sinfx+sinx~-1=0; 6) 3sin?2 x - 5sin x - 2= 0;
B) 2sinfx-sinx-1=0; r) 4sinfx+11sinx -3=0.
165. 8 a) 6cos? x +cosx —1=0; 6) 2 sin? x + 3 cos x = 0;

B) 4cos?x~-8cosx+3=0; r) 5sinx+6cosx—-6=0.
166. 8 a) 2cos? x +sinx +1=0; 6) cos® x + 3 sin x = 3;
B) 4 cos x = 4 — sin? x; r) 8sinfx+cosx+1=0.
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167.— a) 3tg2x+2tgx—-1=0;
B) 2tg2x +8tgx-2=0;

168.— a) 2cos? x + V3cosx = 0;
B) V3 tg2x-3tgx=0;

6) tgx—2ctgx+1=0;
r) 2ctgx-3tgx+5=0.
6) 4cos2x—-3=0;

r) 4sin2x-1=0

Pemure ypaBHeHus (169—174).

169.— a) 3 sin? x + sin x cos x = 2 cos? x;
6) 2 cos? x — 8 sin x cos x + sin? x = 0;
B) 9 sin x cos x — 7 cos? x = 2 sin? x;
r) 2 sin? x - sin x cos x = cos? x.

170.— a) 4 sin? x — sin 2x = 3;

B) sin 2x —cos x = 0;
171.— a) 2sin?x = /3sin2x;
B) sinx + v3cosx =0;

172.— a) sin 2x + 2 cos 2x = 1;

B) 3 sin 2x + cos 2x = 2 cos? x;

173.— a) sin 4x + sin? 2x = 0;

B) —

174.— a) cos Bx —cos 3x =0
“ B) sin 5x - sin x = 0;

o
-

x+y=r,
cosx—cosy =1;

x+y=m,
sinx +siny =1;

176.4

sin? x +cos?y =2;

sinx+cosy =1,

sin?x —cos?y=1;

{smx cosy =0,

6) cos 2x = 2 cos x — 1;

r) sin 2x + 4 cos? x = 1.

6) \/gtgx—w/gctgx=2;

r) tg x = 3 ctg x.

r) 1—cosx=2sing.

6) sin? =

6) . -3 =
5tgx+8

2
r) 1-8in2x =(cos -g-—sin g) .

6) sin Tx — sin x = cos 4x;
r) cos 3x + cos x = 4 cos 2x.

Pemure cucrembl ypaBHeHHmil (175—176).

x — :.E,
6 7 Y72
cos? x + sin?y = 2;

x+y=2

r) 2’
sin? x —sin?y =1.
T
x+y==1,
6) 4 .
tgx tgy=6:
T
x-y=2=2,
) 6
smxcosy=%.
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CeegeHna u3a uctopuun

1. O nposcxoxkaennd eIHHHI] M3MEepPeHHA yraos. I'pagyceoe
H3MEepPeHHe YIVIOB BO3HHKJIO B JIperHem Basusione sagoaro xo m@opoi
spel. Mpenw cuumTanam, 4TO CBOM AHeBHOU myrh ConHIlE coBepia-

eT 3a 180 «maroB», W, 3HAYHUT, OJUH <«IIIar» PaBeH ﬁ pPasBepHyTOro

yria. B BaBuioHe Obljla IPHHATA HIECTHAECATEPUUHAS CHCTEMa CUHC-
JIeHNs, T. e. (haKTHYeCKHW UYMCJIa 3AMHCLIBAJINCHL B BHJE CYMMBLI CTe-
meHeil yuena 60, a He 10, KaK 9TO DPMHATO B Hamleil AeCATEPUYHOM
cucreme. EcTeCcTBEHHO IIOSTOMY, 4UTO AJS BBejeHHA 0Oojee MeJIKHX
eIUHUI, M3MEPEHENsT YIJIOB OFUH «IIArs IOCJEHOBATEJbHO HEJUJICA HA
60 uacreii.

BaBuyiOoHCKasA cucTeMa HM3MEpPEeHHs YIVIOB OKA3aJach JOCTATOU-
HO yaoGHO#i, M ee coxpauujaum MaTemaTukda I'pertum u Puma. Tepmu-
HBl, KOTODHIMHM MbElI [OJB3yeMCHd [AJA HAa3BAHUA VIJIOBEIX BeJUYHH,
UMeIOT JIaTUHCKHNe KOpHH. CJIOBO «rpajyc» IPOMCXOAUT OT JIATHMHCKO-
ro gradus (mar, cTymeds). B mepeBolie ¢ JaTHHCKOTO minutus osza-
yaeT «yMeHBbIIeHHBIN». HakoHen, secunda mepeBoguTCS KaK «BTO-
pasi». VMeerca B BHLY clenyiolnee: jgejieHue rpaayca Ha 60 uacreit,
T, €. MHHYTHL,— 3TO IIepBOE€ JeJIeHKe; JHOejieHHe MHHYTHI Ha 60 ce-
KYHA — BTOpOe JeleHue rpaayca. MagoynorpebureabHOoe Ha3BaHUe

% CeKyHAbI — TEepPLMHA, JaTHHCKOe tercina osHauaeT «TpeThe» (ze-

JleHHe rpagyca).

IIpunarasa ceituac cucrema 00G03HAYCHHS BEJHUYHH YIJVIOB IIOJY-
Yujla MKU